
10 Parametric and Polar Coordinates

How would you write a function to draw a heart shape? What if a function describes
movement in time and you want to convey that information?

10.1 Parametric Equations

x = y2 is not a function, however, it represents an important curve. How do we represent
curves using functions? We introduce a third variable, called a parameter.

Definition (parametric equations). variables which are given as functions of other variables
called parameters. Each set of values for the parameters determines a point on the curve.
The curve defined as the parameters vary is a parametric curve

Eg. x and y are given as functions of the parameter t: x = f(t), y = g(t).

Example 10.1. Sketch the curve defined by: x = t2, y = t

Example 10.2. • Sketch the curve defined by x = cos t, y = sin t, 0 ≤ t ≤ 2π.

• Sketch the curve defined by x = sin t, y = cos t, 0 ≤ t ≤ 2π.

• Sketch the curve defined by x = cos t, y = sin t, 0 ≤ t ≤ 3π.

What do you notice?
You often give a range of t values - the points associated with those values are the initial

point and terminal point.
What is the difference between a curve and a parametric curve?

Example 10.3. Plotting commands:
Maple: plot([t2, 2 ∗ t, t = −2..2]);
x= is the first function, y= is the second, other options can come after ]
WolframAlpha: plot(x = t2, y = 2t, t=-2..2)
WolframAlpha is much more flexible with syntax - it will accept other things besides what

is above.
Neither picture has arrows drawn - you must draw arrows!
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Example 10.4. You can use the computer to draw more complicated (pretty) pictures:
x = sin t+ 1/2 sin 5t, y = cos t+ 1/2 cos 5t

Converting from cartesian to parametric: To convert a function y = f(x) into para-
metric equations, let x = t and y = f(t); it is essentially a change of variables. Give t values
to reflect appropriate domain.

Converting from parametric to cartesian: Solve one equation for t and plug it into
the other. Or, with trig functions, use trig identities. Specify the correct domain if given t
values.

Example 10.5. Eliminate the parameter: x = 3− 4t, y = 2− 3t and x = sin t, y = cos t.

Example 10.6. Find parametric equations describing the line segment from (0, 1) to (2, 2),
0 ≤ t ≤ 1.

Group Exercise 10.1. Read about the cycloid pp 639-640 and then do problem 10.1.40
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10.2 Calculus with Parametric Curves

Tangent Lines: What is the slope of the tangent line to x = f(t), y = g(t)?

d
dt
y(x(t)) = dy

dx
dx
dt
⇒ dy

dx
=

dy
dt
dx
dt

= slope of the tangent line.

Typically speaking, horizontal tangents occur when dy
dt

= 0 (and not the denominator)
and vertical tangents when dx

dt
= 0.

Example 10.7. Find the equation of the tangent line.
x = t cos t, y = t sin t, t = π.

Area: How do we find the area under the curve x = f(t), y = g(t), α ≤ t ≤ β?

A =
∫ b
a
y dx =.

Example 10.8. Find the area enclosed by x = t2, y = t3 − 3t and the x-axis.

Arc length: Recall that arc length is given by

L =

∫ b

a

√
1 +

(
dy

dx

)2

dx.

How do we modify this for parametric curves?

NB: Careful that you are only traversing the curve once! If you need the arc length of
going back over pieces, you must split the integral up! Also, we need the derivatives to be
continuous on the interval.

Example 10.9. Find the length of one arch of the cycloid x = r(θ− sin θ), y = r(1− cos θ).
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Surface area:
How would you modify the surface area formula for a function to get one for parametric

equations?

Group Exercise 10.2. Do problem 10.2.69.

10.3 Polar Coordinates

The Cartesian coordinate system is not the only one. The polar coordinate system is very
useful for describing rounded curves, like circles.

Definition (polar coordinate system). The polar coordinate system is defined by a pole
(origin) and polar axis (usually drawn in the direction of the positive x-axis). Points are
given as ordered pairs (r, θ) where r is the distance from the pole and θ is the angle from the
polar axis measured counter-clockwise.

Note: only one axis. (−r, θ) = (r, θ + π)

Example 10.10. Plot the following polar coordinates. (1, π/2), (3, 3π), (−1, π/2)

How do we convert between cartesian and polar?

To convert polar → cartesian coordinates: use x = r cos θ and y = r sin θ.
To convert cartesian → polar coordinates: use r2 = x2 + y2 and tan θ = y

x
.

Reverse that to convert equations.

Example 10.11. • How do you represent a circle in polar coordinates?

• How do you represent a line?

• Graph r = 1 + sin θ
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• Graph r = cos 2θ

Example 10.12. Plotting commands:
Maple:
with(plots):
polarplot(cos(2*theta),theta=0..2*Pi);
WolframAlpha:
plot(r=2cos(theta))

Tangents:
How do we find the slope of the tangent line to the polar curve r = f(θ)?
Think of θ as a parameter and write parametric equations:
x = r cos θ = f(θ) cos θ and y = r sin θ = f(θ) sin θ. Using the formula in the previous

section, we get

Example 10.13. Find the equation of the tangent line for our examples above at θ = π/3.

Theorem 10.1. The area of a polar region is A =

∫ b

a

1

2
(f(θ))2 dθ

Be careful finding your a and b - graph the picture.

Theorem 10.2. The length of a curve with polar equation r = f(θ) is L =

∫ b

a

√
r2 + (

dr

dθ
)2 dθ.

Group Exercise 10.3. Do Laboratory Project on pp 664-665 - pick any 1 of the 4 questions.
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10.4 Conic Sections

If you are not familiar with conic sections, you will find it useful to read section 10.5. As
we work problems involving conic sections throughout the semester, refer back to sections
10.5-10.6.

11 Skip

12 Vectors and the Geometry of Space

12.1 3-D coordinate systems

• We need an ordered triple of points (x, y, z) to specify a location in 3-dimensional
space. There are eight octants in the 3-D coordinate system.

Example 12.1. Draw the coordinate system and plot some points.

Definition (right-handed coordinate system). put your fingers of your right hand along
the positive x-axis and curl them towards the positive y-axis. Your thumb points in the
direction of the positive z-axis. We will use the ”right-hand” rule later.

• The distance formula is:
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2

• Equation of a sphere: with center (h, k, l) and radius r is (x−h)2+(y−k)2+(z−l)2 = r2

Example 12.2. Describe the following regions:

• x = 3

• y < 3

• 1 ≤ z < 5

• x2 + y2 = 4

• x2 + y2 = 4 and z = 1

• (x− 1)2 + (y − 2)2 + (z − 3)2 ≤ 9

• y2 + z2 ≤ 9
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Now graph them on Maple or WolframAlpha to check your answers.
Maple:
with(plots):
implicitplot3d([x2 + y2 = 4, z = 1],x=a..b, y=c..d, z=e..f);
or plot3d(f(x,y), x=a..b, y=c..d); (cannot do with above examples)
WolframAlpha:
plot(f(x,y))

12.2 Vectors

Velocity, acceleration, and force have a size and a direction. In the case of velocity the size,
or magnitude, is the speed. We represent these quantities with a directed line segment. The
line segment starts at the initial point P and ends at the terminal point Q (where we draw
an arrow); we denote this directed line segment by PQ.

Definition (vector). quantity that has both a magnitude and a direction. We will use bold
face letters to denote vectors; however, on the board I will use −→v .

Definition (magnitude). length of the vector/directed line segment. It is denoted by || · ||.

Two vectors are equivalent if they have the same magnitude and direction; the initial
point does not matter. All I care about is how far and in what direction I ran, not whether
I started at Hibbard or Davies.

Definition (scalar). a number (no direction). It is very important that you know the differ-
ence between a scalar and a vector!

Adding vectors - place the initial point of one vector (AB) at the terminal point of
the other (BC) and then finish the triangle. The resultant vector (AC) is the sum. If
we think about the vectors as representing velocity, then if we first run one distance in one
direction followed by running another distance and direction (maybe the same), the sum is
the distance and direction as the crow flies.

We can also put their initial points together and form a parallelogram; the resultant is
the diagonal.

Example 12.3. Add the following vectors.
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Scalar multiplication - when we multiply a vector by a positive scalar, we change the
magnitude by that factor. The direction is the same. When we multiply by a negative scalar,
we change the magnitude by a factor of the absolute value of the scalar and the direction
becomes opposite. So, the magnitude of cv is |c| · ||v||.

Example 12.4. Draw the following scalar multiples.

Example 12.5. Subtract the following vectors.

Definition (parallel vectors). Two vectors are parallel if they are scalar multiples of each
other.

Example 12.6. Are the following pairs of vectors parallel? v = 〈2, 1〉,w = 〈4, 2〉,x = 〈10, 6〉

Recall that we said that typically we do not care about the initial point of a vector. Thus,
we might as well put the initial point at the origin.

Definition (position vector). Call a vector with its initial point at the origin a position
vector. Notice that the terminal point determines the vector. Say the terminal point of a
position vector v is (v1, v2, v3). Then we denote the vector by 〈v1, v2, v3〉. We call v1 the first
component, v2 the second component, and v3 the third component.

To find the position vector given the initial and terminal points, subtract the components
of the initial point from those of the terminal point; i.e. translate.

Example 12.7. Find the position vector for the following representation vectors.
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Notice that it is easier to add vectors and multiply by scalars with this notation.

• Magnitude - ||v|| =
√
v2

1 + v2
2 + v2

3. Why?

• Addition/Subtraction - done componentwise: 〈v1, v2〉+ 〈w1, w2〉

• Scalar Multiplication - multiply each component by the scalar: c〈v1, v2〉 =

• What is the additive identity?

• Additive inverse?

Example 12.8. For v = 〈2, 3〉 and w = 〈−1, 0〉 compute:
a)v + w
b) 2v− 3w
c) −v
d) ||v− 4w||

Theorem 12.1 (Properties of vectors). The following apply to vectors with any number of
coordinates. For any vectors u, v,w and scalars c,d in the real numbers, the following hold:

1. u + v = v + u (commutativity)

2. u + (v + w) = (u + v) + w (additive associativity)

3. u + 0 = u (zero vector)

4. u +−u = 0 (additive inverse)

5. c(u + v) = cu + cv (distributive law)
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6. (c+d)u = cu + du (distributive law)

7. (cd)u = c(du) (associative scalar multiplication)

8. 1u = u (multiplication by 1)

Proof. .

Group Exercise 12.1. Prove the remaining parts.

Definition (unit vector). a vector having a magnitude of 1.

Definition (standard basis vectors). i = 〈1, 0, 0〉, j = 〈0, 1, 0〉, and k = 〈0, 0, 1〉. They are
convenient because they are ”nice” numbers and unit vectors.

We can write any vector v = 〈v1, v2, v3〉 as v1i + v2j + v3k.
When we can write any vector as a sum of scalar multiples of a set of vectors uniquely we

call that set a basis; i.e. i, j, k are a basis for the set of all position vectors in 3-dimensional
space. This is a very important concept in mathematics.

It is often convenient to write a vector as a scalar multiple of a unit vector. If a vector
v 6= 0, we can find a unit vector in the same direction - rescale it. Can you guess what the
unit vector u is given v = 〈8, 6〉?

Theorem 12.2. For any v 6= 0, a unit vector having the same direction as v is given by .

Why do we stipulate v 6= 0?

Because the magnitude is also called the norm we call this process of rescaling a vector
into a unit vector normalization. Remember how to do this!
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Proof. .

Example 12.9. Find the normalization of a) v = 〈−6, 8〉 and b) w = 〈1, 2, 3〉

Definition (polar form). v = ||v||〈cos θ, sin θ〉 where θ is the angle between the positive
x-axis and the vector.

Why is this a scalar multiple of a unit vector?

Example 12.10. You are in a plane headed to NJ. The plane is flying into a wind with
velocity given by w = 〈−40, 10〉 at 500 mph. How many degrees off the horizontal should the
plane head in order to go due east?

Example 12.11. The thrust of an airplane’s engine produces a speed of 700mph in still air.
The plane is aimed in the direction of 〈6,−3, 2〉 but its velocity with respect to the ground is
〈580,−330, 160〉 mph. Find the wind velocity.

We will stick mainly to three dimensions in this course. However, think about how you
would extend everything to n dimensions.
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12.3 Dot Product

We have talked about adding vectors and scalar multiples, but what about multiplication of
two vectors?

How do you think we should multiply vectors?

There are two different kinds of products: dot and cross. The dot product is also called
the scalar product because it outputs a scalar. The cross is also called the vector product
because it outputs a vector.

Definition (dot product). The dot product of two vectors v = 〈v1, v2, v3〉 and w = 〈w1, w2, w3〉
in V3 is defined by v ·w = v1w1 + v2w2 + v3w3.

Notice that the output is a scalar!

Example 12.12. Compute v ·w for v = 〈−1, 2, 4〉 and w = 〈2,−3, 1〉.

Theorem 12.3. For any vectors u, v,w and scalar c, the following hold

1. u · v = v · u (commutativity)

2. u · (v + w) = u · v + u ·w (distributive law)

3. (cu) · v = c(u · v) = u · (cv)

4. 0 · u = 0

5. u · u = ||u||2

Proof. (ii)u · (v + w) = 〈u1, u2, u3〉 · 〈v1 +w1, v2 +w2, v3 +w3〉 = u1(v1 +w1) + u2(v2 +w2) +
u3(v3 +w3) = u1v1 +u1w1 +u2v2 +u2w2 +u3v3 +u3w3 = u ·v + u ·w. The rest are exercises.
They follow from properties of multiplication of real numbers.

Not all properties, however, are the same as real numbers. Can you think of some which
are different?
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So, careful about which properties you use!

Definition (angle between two vectors). For two nonzero vectors, we define the angle be-
tween them to be the smaller angle between the vectors formed by placing their initial points
at the same point. The angle is between 0 and π.

If u and v have the same direction, θ = 0. If u and v have opposite directions, θ = π.
And if u and v are orthogonal (perpendicular), θ = π/2. We say that the zero vector is
orthogonal to every vector.

Theorem 12.4. Let θ be the angle between vectors u and v. Then,

u · v = ||u||||v|| cos θ.

Proof. Does this check with the observations we just made? Case 1 - same direction - think
about. Case 2 - opposite directions - think about. Case 3 - Law of Cosines allows us to
relate the lengths of sides of a triangle given one angle:

Example 12.13. Find the angle between the vectors u = 〈2,−3, 4〉 and v = 〈1,−1, 1〉.
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When is |−→u · −→v | a maximum? What is it?

Corollary 12.5. Two vectors u and v are orthogonal if and only if u · v = 0.

Proof. If u or v is the zero vector, they are orthogonal (by definition) and their dot product
is 0 - done. If neither are the 0 vector, then

Theorem 12.6 (Cauchy-Schwartz Inequality). For any vectors u and v, |u · v| ≤ ||u||||v||.

Proof. If either is the zero vector, we have 0 ≤ 0. If neither are the zero vector, we have

This Theorem is good because it allows us to prove the next. You should remember
(especially beyond this class) the following theorem.

Theorem 12.7 (Triangle Inequality). For any vectors u and v, ||u + v|| ≤ ||u||+ ||v||.

Does this make sense?

Proof. .
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Components and Projections

Let θ be the angle between any two nonzero position vectors u and v. Drop a perpen-
dicular line segment from the terminal point of u to the line containing the vector v.

If 0 < θ < π/2, the length of the base of the triangle is ||u|| cos θ. If π/2 < θ < π, the
length of the base of the triangle is −||u|| cos θ. We call ||u|| cos θ the component of u
along v, denoted compvu.

Definition (component). compvu =
u · v
||v||

Note: the component is a scalar. Think of it as the dot product of u and a unit vector
in the direction of v - component does not depend on the length of v. Think of u as a force
and v as the direction of motion.

Definition (projection). Vector parallel to v having the same component along v as u. We
denote it by projvu.

Note: projection is a vector!
Projection has magnitude |compvu| and points in the direction of v for 0 < θ < π/2 and

in the opposite direction for π/2 < θ < π.
Thus, we can write projection as:

projvu = (compvu)
v

||v||
=

(
u · v
||v||

)
v

||v||
=

u · v
||v||2

v.

Example 12.14. For u = 〈2, 1〉 and v = 〈3, 4〉 find the component of u along v and the
projection of u onto v.

Does compvu = compuv?
How about projvu = projuv?
Recall that if we apply a constant force F, the work done is W = Fd. We need to know

the force in the direction of motion. Thus, we can use components to compute work.
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Example 12.15. You exert a constant force of 40lbs in the direction of the handle of the
wagon pictured below. If the handle makes an angle of π/6 with the horizontal and you pull
the wagon along a flat surface for 1 mile (5280 feet), find the work done.

Do you expect more or less work to be done as the angle increases? Why?

Group Exercise 12.2. Do problems 12.3.45-46 about orthogonal projection. You will need
to know the definition of orthogonal projection.

Do problem 12.3.48.

12.4 Cross Product

The cross product is also called the vector product because its result is a vector (rather than
a scalar).

Definition (determinant). The determinant of a 2 by 2 matrix of real numbers is defined

by

∣∣∣∣ a1 a2

b1 b2

∣∣∣∣ = a1b2 − a2b1.

Example 12.16. Find the determinant of the following:

Definition (3 by 3 determinant). The determinant of a 3 by 3 matrix of real numbers is

defined as:

∣∣∣∣∣∣
a1 a2 a3

b1 b2 b3

c1 c2 c3

∣∣∣∣∣∣ = a1

∣∣∣∣ b2 b3

c2 c3

∣∣∣∣ − a2

∣∣∣∣ b1 b3

c1 c3

∣∣∣∣ + a3

∣∣∣∣ b1 b2

c1 c2

∣∣∣∣. This is called the

expansion of the determinant along the first row.

Cover up the row and column a1 is in to get the 2 by 2 determinant we multiply it by.
Same with others. Alternate signs.

16



Definition (cross product). For two vectors u and v we define the cross, or vector, product
to be

u× v =

∣∣∣∣∣∣
i j k
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣
Orders matters! The cross product is not commutative! The determinant notation is

convenient (slight abuse of notation).

Example 12.17. i× j

j× i

The cross product is only defined for vectors in V3!

Theorem 12.8. For any vector u ∈ V3, u× u = 0 and u× 0 = 0.

Proof. .

Example 12.18. 〈1, 2, 3〉 × 〈6, 5, 4〉

Now, let us take the dot product and see what happens. What do you guess will be the
case (think of the first example with i and j)?

Theorem 12.9. For any vectors u and v ∈ V3, u× v is orthogonal to both u and v.

17



Proof. .

Since u× v is orthogonal to both u and v, it is also orthogonal to every vector lying in
the plane containing both vectors. Out of which side of the plane does the vector point?
Right-hand rule.

Definition (right-hand rule). Align the fingers of your right hand along the first vector and
bend your fingers in the direction of rotation from u towards v. Your thumb points in the
direction of their cross product.

Theorem 12.10. For any vectors u, v,w and scalar c, the following hold:

1. u× v = −v× u

2. (cu)× v = c(u× v) = u× (cv)

3. u× (v + w) = u× v + u×w

4. (u + v)×w = u×w + v×w

5. u.(v×w) = (u× v).w (scalar triple product)

6. u× (v×w) = (u.w)v− (u.v)w (vector triple product)

What is missing?

Proof. .
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Theorem 12.11. (important) For nonzero vectors u and v in V3, if θ is the angle between
u and v (0 ≤ θ ≤ π), then

||u× v|| = ||u||||v|| sin θ.

Proof. .

Now we know the direction and magnitude of the cross product.

Corollary 12.12. Two nonzero vectors u and v in V3 are parallel if and only if u× v = 0.

Proof. If they are parallel, the angle between them is 0 or π. And thus the cross product
is 0 (sin θ = 0). If the magnitude is 0 and they are not zero vectors, then sin θ must be 0;
which implies that θ = 0, π.

For two nonzero vectors which are not parallel, they form two adjacent sides of a paral-
lelogram. The area of the parallelogram is (base)(altitude) = ||u||||v|| sin θ = ||v×u||. Thus
the magnitude of the cross product gives us the area of a parallelogram.

Example 12.19. Find the area of a parallelogram with two adjacent sides formed by the
vectors 〈2, 3〉, 〈1, 4〉.

Example 12.20. Find the area of a triangle with vertices (0, 0, 0), (2, 3,−1), (3,−1, 4)
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We can also use cross products to find the distance between a point and a line.

Take point (say Q) and make it the terminal point of a vector with initial point (say P)
any point on the line. Then the distance from Q to the line is the magnitude of PQ sin θ,
where θ is the angle between PQ and the line. Let R be any other point on the line. By our
theorem, PQ sin θ = ||PQ×PR||/||PR||.

Example 12.21. Find the distance from the point Q = (1, 2, 0) to the line through (0, 1, 2), (3, 1, 1).

For any three noncoplanar vectors, consider the parallelepiped formed using the vectors
as three adjacent edges.

The volume is (area of base)(altitude). The base is just a parallelogram, so its area is the
magnitude of the cross product of two of the vectors. The altitude is given by |compu×vw|.
Thus, the volume is ||u× v|| |w.(u×v)|

||u×v|| = |w.(u× v)|. This is called the scalar triple product.

We can compute it by the 3 by 3 determinant

∣∣∣∣∣∣
w1 w2 w3

u1 u2 u3

u1 u2 u3

∣∣∣∣∣∣.
NB: If the scalar triple product gives you 0, this means that the three vectors are

coplanar.
Application - torque:

Consider the action of a wrench on a bolt. In order to tighten the bolt, we apply a force
F at the end of the handle. This force creates a torque −→τ acting along the axis of the bolt.
Torque acts in the direction perpendicular to both F and the position vector r for the handle.
So, it makes sense to define the torque vector to be −→τ = r×F. Thus, ||−→τ || = ||r||||F|| sin θ.
Observe that the longer the wrench, the more torque we get and that the magnitude of
torque is maximized when θ = π/2. Does this correspond to your experience?
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Example 12.22. If you apply a force of magnitude 20 pounds at the end of a 8 inch long
wrench at an angle of π/4 to the wrench, find the magnitude of the torque applied to the bolt.

The force related to spinning is the Magnus force. Suppose a ball is spinning with
angular velocity ω, measured in radians per second. The ball spins about an axis. (picture)

The spin vector s has magnitude ω and direction parallel to the spin axis. Use right-hand
rule to distinguish between two possibilities. The motion of the ball disturbs the air through
which it travels, creating a Magnus force. For a ball with velocity −→v ,

−→
F m = c(−→s ×−→v )

for some positive constant c. A ball with backspin has Magnus force going up and a ball
with topspin has a Magnus force going down. Does this make sense? (put topspin on tennis
ball to make it hit faster)

12.5 Equations of Lines and Planes

What do we need to specify a line? Either two points on the line or one point and the slope
(direction). This is true in any dimension. A way to think about this is that a point and a
vector specify a line.

What is the line that passes through the point P (x1, y1, z1) and is parallel to the position

vector u= 〈u1, u2, u3〉. Let Q be any other point on the line. Then ~PQ = tu for some scalar
t (because parallel). The line, then, consists of all points (x, y, z) for which 〈x−x1, y−y1, z−
z1〉 = t〈u1, u2, u3〉. This implies

x− x1 = u1t, y − y1 = u2t, z − z1 = u3t.

These are called the parametric equations of the line.
Note that these equations are not unique. For example, choosing a different point on the

line would change them.
If u1, u2, u3 6= 0, we can solve for t.

Definition (symmetric equations). x−x1
u1

= y−y1
u2

= z−z1
u3

.

Example 12.23. Find an equation of the line through the point (1,2,3) and parallel to the
vector 〈4, 5, 6〉.
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Example 12.24. Find an equation of a line passing through the points P (2, 1,−2) and
Q(−5, 3, 1).

Definition. Let l1, l2 be two lines in R3, with parallel vectors u, v, respectively, and let θ be
the angle between the vectors.

i) The lines l1, l2 are parallel whenever u and v are parallel.
ii) If l1, l2 intersect, then a) the angle between them is θ and b) the lines are orthogonal

whenever the vectors are orthogonal.

In three dimensions, are two lines either parallel or intersect?

Example 12.25. Show that the lines l1 : x− 2 = −t, y − 1 = 2t, z − 5 = 2t and l2 : x− 1 =
s, y − 2 = −s, z − 1 = 3s are not parallel and do not intersect.

Definition (skew lines). Nonparallel, nonintersecting lines.

Easy way to see some skew lines is to consider lines in parallel planes.

Planes:
What information do we need to specify a plane?
For example, the yz-plane is a set of points such that every vector connecting two points

in the set is orthogonal to i. However, every plane parallel to the yz-plane also satisfies this
criterion. We also need to specify a point the plane goes through.

So, a plane is determined by specifying a vector normal to the plane and a point lying in
the plane.

Definition (normal). vector orthogonal to every vector lying in the plane.

Let our normal vector be n = 〈a, b, c〉 and the point in the plane be P1 = (x1, y1, z1).

Now let (x, y, z) be any point P in the plane. Then
−−→
P1P = 〈x− x1, y− y1, z− z1〉 is a vector

in the plane and hence we must have n · ~P1P = 0. Therefore we have that the equation for
the plane passing through the point P1 with normal vector n is

Equation of a plane:

a(x− x1) + b(y − y1) + c(z − z1) = 0.

22



Example 12.26. Find an equation of the plane containing the point (1, 3, 2) with normal
vector 〈2,−1, 5〉.

Let us now expand out our equation: 0 = ax − ax1 + by − by1 + cz − cz1 = ax + by +
cz−”number”. We get from this that every linear equation of the form ax+ by+ cz + d = 0
is the equation of a plane with normal vector 〈a, b, c〉.

3 points also determine a plane. Why?

Example 12.27. Find the equation of the plane containing the points (−2, 2, 0), (−2, 3, 2),
and (1, 2, 2).

Two planes are either parallel or intersect in a straight line. Do you believe this? Suppose
two planes have normal vectors u and v. Then the angle between the planes is the same as
the angle between the vectors. We say two planes are parallel whenever their normal vectors
are parallel and orthogonal when their normal vectors are orthogonal.

Example 12.28. Find the equation of a plane given a point (0,−2,−1) and parallel plane
−2x+ 4y = 3.

Example 12.29. Planes where we only have one variable are parallel to a coordinate plane.
For example, y = 3 is parallel to the xz-plane and passes through the point (0, 3, 0).

As we said the intersection of two nonparallel planes is a line. How do we find this line?
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Example 12.30. Find the intersection of the planes 2x− y − z = 4 and 3x− 2y + z = 0.

We also want to be able to find the distance between a point and a plane. The distance
is measured along a line segment connecting the point to the plane that is orthogonal to the
plane.

Pick any point P1(x1, y1, z1) lying in the plane ax + by + cz + d = 0 and let the vector
n = 〈a, b, c〉 denote a vector normal to the plane. Then the distance from the point P0 to

the plane is |comp−→n
−−→
P1P0|.

|comp−→n
−−→
P1P0| = |〈x0 − x1, y0 − y1, z0 − z1〉.

〈a, b, c〉
||〈a, b, c〉||

|

=
|a(x0 − x1) + b(y0 − y1) + c(z0 − z1)|√

a2 + b2 + c2

=
|ax0 + by0 + cz0 + d|√

a2 + b2 + c2

since ax+ by + cz = −d for every point in the plane.

Example 12.31. Find the distance between the parallel planes 2x−y−z = 1 and 2x−y−z =
4.

12.6 Cylinders and Quadric Surfaces

Cylindrical Surfaces:
What does a cylinder look like?
Consider the graph of x2 + y2 = 9 in 3-D. In two dimensions this is a circle with radius

3 centered at the origin. So, the intersection of the surface with the plane z = k is always a
circle of radius 3. This means the surface is a right circular cylinder.
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Definition (trace). 2-D cross-section of a surface where we hold one variable constant.

There are other cylinders besides right circular cylinders.

Definition (cylinder). any surface whose traces in every plane parallel to a given plane are
the same.

Example 12.32. Draw z = x2.

Example 12.33. Draw z = cosx.

Quadric Surfaces

Definition (quadric surface). The graph of the equation ax2 + by2 + cz2 + dxy + eyz +
fxz + gx + hy + jz + k = 0, where a, b, c, d, e, f, g, h, j, k are constants and at least one of
a, b, c, d, e, f is not 0.

These are the 3-D version of conic sections. Their traces are conic sections (review conic
sections in section 10.5 if necessary).

Definition (sphere). (x− a)2 + (y − b)2 + (z − c)2 = r2. All traces are circles.

Definition (ellipsoid). (x−a)2

d2
+ (y−b)2

e2
+ (z−c)2

f2
= 1. All traces are ellipses

Example 12.34. Graph x2 + (1/9) ∗ y2 + (1/4) ∗ z2 = 1.
Set x = 0 to get the trace in the yz-plane:
Set y = 0 to get the trace in the xz-plane:
Set z = 0 to get the trace in the xy-plane:

When using Maple to graph, use logic/knowledge to know what it should look like. Maple
helps us, but the picture is not exact. Decide which plot command works best for each case
- sometimes use more than one to get an accurate idea.
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Definition (paraboloid). If you take the traces in the coordinate planes, 2/3 of them are
parabolas; i.e. the equation has two variables squared and the other to the first power.

circular paraboloid - the third trace is a circle. It has the form z = ax2 +ay2 +c, a > 0
(can switch around variables).

elliptic paraboloid - the third trace is an ellipse. It has the form z = ax2+by2+c, a, b >
0.

hyperbolic paraboloid - the third trace is a hyperbola; the graph looks like a saddle. It
has the form z = ax2 − by2 + c, a, b > 0.

Definition (elliptic cone). The equation has the form z2 = ax2 + by2, a, b > 0. One trace is
an ellipse and two traces are hyperbolas if k 6= 0 and lines if k = 0.

The ellipsoid has z2 on other side. In other words, if you set the equation to 0, one of
the three variables is negative. The traces parallel to one plane (in this case the xy-plane)
are ellipses. They get smaller as you go down until the point (0, 0, 0).

Example 12.35. z2 = 4 ∗ x2 + y2.

Definition (hyperboloid of one sheet). The traces are two hyperbolas and one ellipse. Also,
we never have an ellipse of axes having 0 length. The form is ax2 + by2− cz2 = 1, a, b, c > 0.
Similar to above, but equals 1 instead of 0. (If equals another number, can rescale to 1.)

Definition (hyperboloid of two sheets). The traces are hyperbolas in two planes and there is
no trace in the third. Using the general form, there is no trace in the yz-plane. The general
form is ax2 − by2 − cz2 = 1, a, b, c > 0. Now the y-term is negative as well.

Example 12.36. x2 − y2 + z2 = 1
x2 − (1/9) ∗ y2 − z2 = 1

Page 830 has a good reference chart.

Group Exercise 12.3. Chapter 12 review p 836 numbers 30-36.
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13 Vector Functions

13.1 Vector functions and space curves

It is often convenient to describe the location of an object at a given time using a position
vector (rather than a list of points or trying to write down the curve). So, we want a function
that gives a vector for each time t. This is a vector-valued function.

Definition (vector-valued function). r(t) is a mapping from its domain D ⊂ R to its range
R ⊂ V3, so that for each t ∈ D, r(t) = v for exactly one vector v ∈ V3. We can write

r(t) = f(t)i + g(t)j + h(t)k

for scalar functions f, g, h. f, g, h are called component functions.

In English - for each time t we get one vector. The terminal points of these vectors trace
out our path. This curve sounds a lot like that given by parametric equations x = f(t), y =
g(t), z = h(t). They are essentially the same thing - called a space curve. This notation is
just easier to work with.

Example 13.1. Sketch a graph of the curve traced out by the endpoint of the two-dimensional
vector-valued function r(t) = 〈t, t2 + 1〉.

Plot some points:

Make sure you draw arrows on your curve to indicate orientation/increasing time.

Example 13.2. Sketch a graph of the curve traced out by r(t) = 〈1 + t, 2 + 2t, 3 + 3t〉.

Notice that the parametric equations we gave for a line can be thought of as a vector-
valued function. Just put an arrow on the line.

Example 13.3. 3-D example.
Sketch the curve traced out by r(t) = 〈3 cos t, 3 sin t, t〉.
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**You should look at some examples in the book - the more you see, the better you get
at recognizing them.**

We can use a computer to graph the space curves:
Maple: with(plots):
spacecurve([f(t),g(t),h(t)],t=a..b,options);
Show Maple worksheet with examples.

13.2 Derivatives and Integrals of Vector Functions

How would you define limit?

Definition (limit). For a vector-valued function r(t) = 〈f(t), g(t), h(t)〉, the limit of r(t) as
t approaches a is given by

lim
t→a
〈f(t), g(t), h(t)〉 = 〈lim

t→a
f(t), lim

t→a
g(t), lim

t→a
h(t)〉,

provided all of the limits exist. If any fail to exist, we say the limit does not exist.

Example 13.4. Find lim
t→0
〈t2 − 1, e2t, sin t〉.

Definition (continuous). r(t) = 〈f(t), g(t), h(t)〉 is continuous at t = a whenever lim
t→a

r(t) =

r(a). In words, it is continuous whenever the limit exists and equals the value of the vector-
valued function.

Notice that we can write this condition as lim
t→a

f(t) = f(a), lim
t→a

g(t) = g(a), and lim
t→a

h(t) =

h(a). (Limit of vector is vector of limits, two vectors are equal iff each component is.)

Theorem 13.1. A vector-valued function r(t) = 〈f(t), g(t), h(t)〉 is continuous at t = a if
and only if all of f, g, and h are continuous at t = a.

Example 13.5. Determine the values of t at which r(t) = 〈 t+1
t−1
, t2, 2t〉 is continuous.

Definition (derivative). The derivative r′(t) of the vector-valued function r(t) is defined by

r′(t) = lim
h→0

r(t+ h)− r(t)

h
,

for any values of t for which the limit exists. When the limit exists for t = a, we say that r
is differentiable at t = a.
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Theorem 13.2. Let r(t) = 〈f(t), g(t), h(t)〉 and suppose that the components f, g, h are all
differentiable for some value of t. Then r is also differentiable at that value of t and its
derivative is given by r′(t) = 〈f ′(t), g′(t), h′(t)〉.

This theorem allows us to just compute the derivative of each component (as we probably
guessed). We already know that limits and continuity can be done in each part.

Proof.

r′(t) = lim
∆t→0

r(t+ ∆t)− r(t)

∆t

= lim
∆t→0

1

∆t
[〈f(t+ ∆t), g(t+ ∆t), h(t+ ∆t)〉 − 〈f(t), g(t), h(t)〉]

= lim
∆t→0

1

∆t
[〈f(t+ ∆t)− f(t), g(t+ ∆t)− g(t), h(t+ ∆t)− h(t)〉

= lim
∆t→0

[〈f(t+ ∆t)− f(t)

∆t
,
g(t+ ∆t)− g(t)

∆t
,
h(t+ ∆t)− h(t)

∆t
〉

= 〈 lim
∆t→0

f(t+ ∆t)− f(t)

∆t
, lim

∆t→0

g(t+ ∆t)− g(t)

∆t
, lim

∆t→0

h(t+ ∆t)− h(t)

∆t
〉

= 〈f ′(t), g′(t), h′(t)〉

Example 13.6. Find the derivative of r(t) = 〈t4,
√
t+ 1, 3

t2
〉.

Notice that all of these definitions naturally extend the definitions from Calc I. Also,
notice that the notation is easier than if we were using parametric equations.

All of the usual rules of derivatives hold, plus we have a few more.

Theorem 13.3. Suppose r(t), s(t) are differentiable vector-valued functions, f(t) is a dif-
ferentiable scalar function and c is any scalar constant. Then

1. d
dt

[r(t) + s(t)] = r′(t) + s′(t)

2. d
dt

[cr(t)] = cr′(t)

3. d
dt

[f(t)r(t)] = f ′(t)r(t) + f(t)r′(t)

4. d
dt

[r(t).s(t)] = r′(t).s(t) + r(t).s′(t)

5. d
dt

[r(t)× s(t)] = r′(t)× s(t) + r(t)× s′(t)

We have the product for every type of product.
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Definition (smooth). The curve traced out by a vector-valued function r on an interval I is
smooth if r′ is continuous on I and r′(t) 6= 0, except possibly at the endpoints of the interval.
In other words, all of the derivatives of the component functions are continuous and they are
not all 0 at the same time.

Example 13.7. In the previous example, where is the curve smooth?

Note that r′(a) = lim
∆t→0

r(a+ ∆t)− r(a)

∆t
. As ∆t → 0 notice that the vector r(a+∆t)−r(a)

∆t

approaches a vector that is tangent to the curve at the terminal point of r(a). We call r′(a)
a tangent vector to the curve. Notice that it points in the direction of the orientation of
the curve.

Example 13.8. Sketch the curve traced out by the endpoint of r(t) = 〈cos t, sin t, t〉 and plot
position and tangent vectors at t = 0, t = π/2, t = π.

Theorem 13.4. ||r(t)|| is constant if and only if r and r′(t) are orthogonal for all t.

Proof. Suppose that ||r(t)|| = c. r(t) · r(t) = ||r(t)||2 = c2. Differentiating both sides we get
0 = d

dt
[r(t) ·r(t)] = r′(t) ·r(t)+r(t) ·r′(t) = 2r(t) ·r′(t). This means that they are orthogonal.

Converse - roughly speaking, reverse the argument above.

In 2-D (3-D) this says that the path traced out by r(t) lies on a circle (sphere) centered
at the origin if and only if the tangent vector is orthogonal to the position vector at every
point on the curve.

Definition (antiderivative). The vector-valued function R(t) is an antiderivative of the r(t)
whenever R′(t) = r(t).

Definition (indefinite integral). If R(t) is any antiderivative of r(t), the indefinite integral
of r(t) is defined to be

∫
r(t)dt = R(t) + C.

We integrate by integrating each component.
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Example 13.9. Evaluate
∫
〈2t− 1,

√
t〉dt

Definition (definite integral). We define the definite integral of r(t) on the interval [a, b] by∫ b

a

r(t)dt =

∫ b

a

〈f(t), g(t), h(t)〉dt = 〈
∫ b

a

f(t)dt,

∫ b

a

g(t)dt,

∫ b

a

h(t)dt〉

Theorem 13.5. Suppose that R(t) is an antiderivative of r(t) on the interval [a, b]. Then∫ b

a

r(t)dt = R(b)−R(a).

Example 13.10.
∫ 4

1
〈2t− 1,

√
t〉dt

The big idea of this section is that to do calculus with vector functions, we do calculus
to each component function of the vector. Limits, continuity, derivatives, and integrals all
apply the same way; we just do three of them instead of one per problem.

Group Exercise 13.1. 13.2.52, 8, 18, 36, 38

13.3 Arc Length and Curvature

Arc length and curvature - read on own. Analogous to what we did in Chap. 10.

So far we have used a single frame of reference - we have written all vectors in terms
of the standard basis vectors. However, it is often more useful to use a moving frame of
reference. To do this, we will still need three mutually orthogonal unit vectors, but ones
that are at each point on the curve.

What three would you draw?
The first one is in the direction of motion - unit tangent vector.

Definition (unit tangent vector). T(t) = r′(t)
||r′(t)|| .

Recall the theorem that said that a vector and its derivative are orthogonal if the vector
has a constant magnitude. Since T(t) is a unit vector, it has a constant magnitude. Thus,
it is orthogonal to T′. This will be our second vector that we use.
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Definition (principal unit normal vector). Unit vector having the same direction as T′(t)

and is defined by N(t) = T′(t)
||T′(t)|| .

What direction does the normal vector point? There are many directions orthogonal to
the tangent vector. Look at arc length:

Briefly, T′(t) = dT
dt

= dT
ds

ds
dt

. Plugging into N(t) we get N(t) = 1
curvature

dT
ds

. Since curvature
is positive to make sense above, the normal vector has the same direction as the instantaneous
rate of change of the unit tangent vector with respect to arc length. This means that the
principal unit normal vector points to the concave side of the curve.

How do we get a third vector orthogonal to both of these? Take cross product.

Definition (binormal vector). B(t) = T(t)×N(t).

Example 13.11. Find the unit tangent and principal unit normal vector at the given point.
r(t) = 〈t, t2〉 at t = 0, 1.

13.4 Motion in Space

Skip - read on own, especially if you are a physics or engineering major.
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14 Partial Derivatives

14.1 Functions of Several Variables

Domain is multi-dimensional and range is in the real numbers

Definition (function of two (three) variables). - rule that assigns a real number f(x, y)
(f(x, y, z)) to each ordered pair (triple) of real numbers in the domain of the function.

This definition and our results can be extended to functions in more variables.
The domain for these functions will be 2-D.

Example 14.1. Find the domain for f(x, y) = 1
x+y

.

Example 14.2. Find the domain for f(x, y, z) = 2xz√
4−x2−y2−z2

.

The graph of the function f(x, y) is a graph of the equation z = f(x, y).

Example 14.3. f(x, y) = sinx cos y.

Maple: plot3d(f(x,y),x=a..b,y=c..d);

Example 14.4. f(x, y) = x2 − y2.

Graphing is not easy! We must piece together different techniques, clues, and our knowl-
edge of functions of one variable. It is important that we gain an understanding of 3-D
graphs. Using a computer can be misleading! The more graphs you look at and sketch, the
better understanding you will have.
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Example 14.5. Match functions to their graphs.
f1(x, y) = cos(ex+ey), f2(x, y) = ln(x2 +y2), f3(x, y) = e−xy, and f4(x, y) = e−x

2
(y2 +1)

Look for traces, extremum, specific points, etc.
Thinking about how the properties of functions correspond to the structures of surfaces

in 3-D will make this chapter easier.
When graphing on the computer or calculator - use your knowledge and trial and error.

It will take several tries to get a good viewing window and viewpoint. At least on Maple we
can rotate the graph to easily get different viewpoints. Try different plotting methods and
windows, options to get as accurate graph as possible.

Other techniques:

Definition (level curve). the 2-D graph of the equation f(x, y) = c, for some constant c. In
other words, the 2-D graph of the trace of the surface z = f(x, y) in the plane z = c.

Definition (contour plot). graph of numerous level curves f(x, y) = c, for representative
values of c.

Think about flattening the surface - squashing it down. Think about topographical maps,
weather maps, etc.

Recommendation: use equally spaced values of c. This way the closer the level curves
are to each other, the steeper the graph is. And, the further apart they are means that the
graph is flatter. How does this correspond to topographical maps?

Example 14.6. Sketch contour plots for f(x, y) = x2 − y2.
x2 − y2 = 0, x2 − y2 = 1.

Maple: contourplot(f(x,y),x=a..b,y=c..d);

Example 14.7. Match these level curves with the functions and graphs from example 14.5.
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Definition (density plot). 2-D representation of a 3-D surface where each pixel is shaded
according to the size of the function value at a point representing the pixel. Different colors
and shades indicate different function values.

Example - temperature map or precipitation map.
Maple: densityplot(f(x,y),x=a..b,y=c..d);

Definition (isobars). level curves of atmospheric pressure.

Note - contour plots can give us a lot of really good info.
We can sketch level surfaces for functions in three variables. The graph is 4-D, so we

will not try to draw that.

Example 14.8. f(x, y, z) = x2 + y2 + z2.

Group Exercise 14.1. Draw a contour map of campus.

14.2 Limits and Continuity

Limits are more complicated in the case of functions of more than one variable because there
are more than two paths with which to approach a point. How many? Infinitely many
paths. So, we have to be more careful in taking limits. It is still the case that we can use
substitution when that does not give us an indeterminate form. So, we will be concentrating
on the potentially “bad” points of a function.

We write the limit as lim
(x,y)→(a,b)

f(x, y) = L.

Example 14.9. lim
(x,y)→(1,3)

x2y

4x2 − y

Definition (formal definition of limit). Let f be defined on the interior of a circle centered at
the point (a, b), except possibly at (a, b) itself. We say that lim

(x,y)→(a,b)
f(x, y) = L if for every

ε > 0 there exists a δ > 0 such that |f(x, y)−L| < ε whenever 0 <
√

(x− a)2 + (y − b)2 < δ.

In words: no matter how close we want to get to L, we can always draw a circle around
the point so that every point in the circle gets within that distance to L. I can get as close
to the limit as I want and no point near (a, b) gets mapped far away from L.
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Example 14.10. lim
(x,y)→(a,b)

y = b.

We can prove the following results (like we had in Calc I). If both f and g have limits as
(x, y) approaches (a, b), then we have the following:

lim
(x,y)→(a,b)

[f(x, y)± g(x, y)] = lim
(x,y)→(a,b)

f(x, y)± lim
(x,y)→(a,b)

g(x, y)

lim
(x,y)→(a,b)

[f(x, y)g(x, y)] = lim
(x,y)→(a,b)

f(x, y) lim
(x,y)→(a,b)

g(x, y)

lim
(x,y)→(a,b)

f(x, y)

g(x, y)
=

lim(x,y)→(a,b) f(x, y)

lim(x,y)→(a,b) g(x, y)
, lim

(x,y)→(a,b)
g(x, y) 6= 0

A polynomial in two variables x, y is any sum of terms of the form cxmyn. Using
the above results we can show that the limit of any polynomial exists and is found using
substitution.

Using this information, we can say that the limit we calculated in the first example is
correct.

Let us look at some harder situations.
Note: for a limit to exist, the function has to approach L from every possible path!

So, if we suspect that the limit does not exist, we just need to find two paths that give us
different limits. On the other hand, we cannot prove a limit exists by checking paths (since
there are infinitely many).

What paths should we try? Start with trying the easiest: 1) x = a, y → b (vertical lines)
2) y = b, x→ a (horizontal lines) 3) y = g(x), x→ a(b = g(a)) 4) x = g(y), y → b(a = g(b))

Example 14.11. lim
(x,y)→(0,0)

3x2

x2 + y2
.
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Example 14.12. lim
(x,y)→(0,0)

3xy

x2 + y2
.

Example 14.13. lim
(x,y)→(0,0)

3x2y

x4 + y2
.

Moral of these examples: If you believe the limit does not exist, keep trying paths.
Sometimes it will take several tries and creativity. Pick your paths “intelligently”. We can
use graphs to help us.

How to prove a limit does exist? If we suspect a limit exists because we find the same
value several times using different paths or by looking at the graph, we need to somehow
prove the limit exists.

Techniques for finding limit: numerically, graphically, simplify algebraically.
Also,
- generalization of the Squeeze theorem.

Theorem 14.1. Suppose that |f(x, y)−L| ≤ g(x, y) for all (x, y) in the interior of some cir-
cle centered at (a, b), except possibly at (a, b). If lim

(x,y)→(a,b)
g(x, y) = 0, then lim

(x,y)→(a,b)
f(x, y) =

L.

Proof. For any given ε > 0, we know from the definition of lim
(x,y)→(a,b)

g(x, y) = 0, that there

is a number δ > 0 such that 0 <
√

(x− a)2 + (y − b)2 < δ guarantees that |g(x, y)− 0| < ε.
For any such points (x, y), we have |f(x, y)− L| ≤ g(x, y) < ε. Thus, we get our result.
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In words, if |f(x, y)−L| is between 0 and a function that goes to 0, then it must also go
to 0. To use the theorem we must have a guess at the limit, and then find an easier function
to work with that is larger than |f − L| and which goes to 0.

Example 14.14. lim
(x,y)→(0,0)

3x2y

x2 + y2

Example 14.15. lim
(x,y)→(0,0)

2x2 sin y

2x2 + y2

Example 14.16. lim
(x,y)→(0,0)

x3 + 4x2 + 2y2

2x2 + y2

Again, try to make the function easier - where things will cancel.
Another technique when the limit is (x, y) → (0, 0) is to convert to polar coordinates.

Change all x’s to r cos θ and y’s to r sin θ and then take the limit as r → 0.
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Example 14.17. lim
(x,y)→(0,0)

√
x2 + y2

sin
√
x2 + y2

Continuity:

Recall that a function is continuous if the limit equals the value of the function.

Definition (continuous). Suppose that f(x, y) is defined in the interior of a circle centered
at the point (a, b). We say that f is continuous at (a, b) if lim

(x,y)→(a,b)
f(x, y) = f(a, b). If

f(x, y) is not continuous at (a, b), we call (a, b) a discontinuity.

We want to talk about continuity on a region as well. But, first, some definitions. What
are the equivalents of a open and closed interval in 2-D?

open disk - the interior of a circle (points in not on circle).
closed disk - the circle and its interior.

For a given region R, (a, b) is an interior point of R if there is an open disk centered
at (a, b) that lies completely in R. (a, b) is a boundary point if every open disk centered
at (a, b) contains both points in and out of R. R is closed if it contains all of its boundary
points and open if it contains none of them. Note that open and closed are not opposites -
a set can be neither!

If the domain of a function contains any boundary points, we need to modify our definition
of continuity - we only want to calculate the limit over paths that lie in the domain.

If (a, b) is a boundary point of the domain D of a function, we say f is continuous at
(a, b) if lim

(x,y)→(a,b)
(x,y)∈D

f(x, y) = f(a, b). I.e. we only take the limit along paths lying completely

in the domain.
Notice that we also need to modify the definition of limit: add whenever (x, y) ∈ D and

0 <
√

(x− a)2 + (y − b)2 < δ.
f is continuous on a region if it is continuous at each point in the region.
Using the properties of limits that we stated earlier, we get that if f and g are continuous

at a point, so are f ± g, fg, and f/g (if g(a, b) 6= 0).

Example 14.18. Where is f(x, y) = ln(3− x2 + y) continuous?

39



Theorem 14.2. Suppose that f(x, y) is continuous at (a, b) and g(x) is continuous at the
point f(a, b). Then h(x, y) = g(f(x, y)) is continuous at (a, b).

This theorem allows us to determine continuity using our knowledge of single variable
functions. It simplifies doing the problems. So, try to think about a function as a composi-
tion, sum, product, etc when possible. Also, again, looking at the graph will help.

We can extend these definitions in the obvious way to functions of three variables. We
consider spheres instead of circles.

14.3 Partial Derivatives

What is the average rate of change of the temperature with respect to horizontal distance:
f(a+h,b)−f(a,b)

h
. Take the limit as h goes to 0 and we get the instantaneous rate of change in

the x-direction at the point (a, b). This is called the partial derivative of f with respect to x.
We denote it by ∂f

∂x
or fx.

The partial derivative gives the slope of the tangent line to the curve which is the inter-
section of z = f(x, y) and y = b at the point x = a.

We could also move along a vertical line segment to get the instantaneous rate of change
in the y-direction.

∂f

∂y
(a, b) = lim

h→0

f(a, b+ h)− f(a, b)

h
.

This is the slope of the tangent line to the curve which is the intersection of z = f(x, y) and
the plane x = a at the point y = b.

Definition (partial derivative). The partial derivative of f(x, y) with respect to x is defined
by

∂f

∂x
= fx(x, y) = lim

h→0

f(x+ h, y)− f(x, y)

h

for any values of x and y for which the limit exists. We can similarly define the partial
derivative with respect to y.

Just like in single variables, we do not have to use the definition to calculate the derivative.
All of the rules we already know, we can use here. To compute the partial derivative with
respect to x, think of y as a constant (any number) and compute the derivative as you did
in Calc I.

Do not use f’ notation because it is unclear.

Example 14.19. f(x, y) = 3x2y + 5x+ 2y + 6x2y3
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Example 14.20. f(x, y) = exy + xy sinx

Example 14.21. Thermodynamics: van der Waal’s equation states

(P +
n2a

V 2
)(V − nb) = nRT,

where P is the pressure of the gas, V volume, T temperature (in degrees Kelvin), n is number
of moles of gas, R is universal gas constant, a and b are constants.

Find ∂P/∂V . Solve for P: P = nRT
V−nb −

n2a
V 2 . ∂P/∂V = −nRT

(V−nb)2 + 2n2a
V 3 . This gives the rate

of change of pressure relative to the rate of change in volume (holding temperature constant).

We can also take higher order partial derivatives. In single-variables we talk about the
2nd, 3rd, etc derivatives. Here, there are more than one or two 2nd order partial derivatives
- there are 4. We can take fxx, fyy, fxy, fyx.

We first take the partial derivative with respect to the first variable, and then take the
partial derivative of that new function with respect to the next variable. We write fxy = ∂2f

∂y∂x

for first taking the derivative with respect to x and then y. We can take as many derivatives
as we like.

Theorem 14.3. If fxy(x, y) and fyx(x, y) are continuous on an open set containing (a, b),
then fxy(a, b) = fyx(a, b).

In general, the order of differentiation does not matter as long as all the partial derivatives
are continuous in an open set. So, pick the order that is the easiest! If one variable does not
appear in a lot of terms, take the partial with respect to that variable first.

Example 14.22. f(x, y) = 3x2y + 5x+ 2y + 6x2y3

Example 14.23. f(x, y) = exy + xy sinx. Find all the 2nd order partials.
Recall, fx = yexy + y sinx+ xy cosx fy = xexy + x sinx. .
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What about fxyy?

Maple command: diff(f(x, y), x) or diff(f(x, y), y) or diff(f(x, y), x, x), etc.

We can also take partial derivatives of functions with more than two variables. Just treat
every other variable as a constant.

Example 14.24. f(x, y, z, w) =
√
wyz − x3 sinw.

Find fwxyz:

Example 14.25. The sag in a beam of length L, width w, and height h is given by S(L,w, h) =
c L4

wh3
, for some constant c. Show SL = 4S/L, Sw = −S/w, Sh = −3S/h. Which variable has

the greatest proportional effect on the sag?

14.4 Tangent Planes and Linear Approximations

In Calc 1 we used the tangent line to approximate values of the function close to the point
of tangency. The tangent line is not too far from the curve. The tangent line is y =
f(a) + f ′(a)(x− a); call this the linear approximation.

With a function of two variables, we can approximate the value of a function using a
tangent plane. Near the point of tangency, f(x, y) is approximately the value of the plane
at the point since the plane and surface are close together.
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How do we find the equation of the plane? We need a point and normal vector. The
point is easy - use the point of tangency. To get the normal vector, we can take the cross
product of two vectors in the plane. Which two vectors? What about the tangent lines we
saw in the previous section?

If we intersect the surface with the plane y = b, the slope of the tangent line at x = a
is fx(a, b). Thus, the direction vector of the line is 〈1, 0, fx(a, b)〉 - for every 1 x changes, z
changes by the partial (∂z/∂x) and y does not change.

Likewise, we can intersect the surface with the plane x = a. The slope of the tangent
line at y = b is fy(a, b). Thus, the direction vector of the line is 〈0, 1, fy(a, b)〉.

Take the cross product and get 〈−fx(a, b),−fy(a, b), 1〉. Thus, the equation of the plane
is −fx(a, b)(x− a) +−fy(a, b)(y− b) + 1(z− f(a, b)) = 0, which we write as fx(a, b)(x− a) +
fy(a, b)(y − b) = z − f(a, b).

Theorem 14.4. Suppose that f(x, y) has continuous partial derivatives at (a, b). A normal
vector to the tangent plane to z = f(x, y) at (a, b) is then 〈fx(a, b), fy(a, b),−1〉. Further,
an equation of the tangent plane is given by z − f(a, b) = fx(a, b)(x− a) + fy(a, b)(y − b) or
z = f(a, b) + fx(a, b)(x− a) + fy(a, b)(y − b).

The normal vector gives us the direction of the line orthogonal to the tangent plane. The
parametric equations to the line orthogonal to the tangent plane and passing through the
point (a, b, f(a, b)) are x = a+ fx(a, b)t, y = b+ fy(a, b)t, z = f(a, b)− t. This is called the
normal line.

Example 14.26. Find the equations of the tangent plane and normal line. z = 4− x2 − y2

at (1, 1, 2).

Example 14.27. Find the equations of the tangent plane and normal line. z = sin x cos y
at (0, π, 0).

Definition (linear approximation). The linear approximation L(x, y) of f(x, y) at the point
(a, b) is given by the z-values on the tangent plane. f(x, y) ≈ L(x, y) = f(a, b) + fx(a, b)(x−
a) + fy(a, b)(y − b).

Example 14.28. In the first example, the linear approximation of z = 4−x2−y2 near (1, 1)
is L(x, y) = −2x− 2y + 6.
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Use this to estimate L(1.1, 1) = 1, L(1, 1.1) =, L(1.1, 1.1) =. Compare to the real values
of the function: f(1.1, 1) =, f(1, 1.1) =, f(1.1, 1.1) =.

Recall from Calc I that the increment ∆y of the function f(x) at x = a is ∆y = f(a+
∆x) − f(a). When ∆x is small, ∆y ≈ dy = f ′(a)∆x. Recall dy is called the differential.

Also, if f is differentiable at a and ε = ∆y−dy
∆x

, then ε = ∆y−dy
∆x

= f(a+∆x)−f(a)−f ′(a)∆x
∆x

=
f(a+∆x)−f(a)

∆x
− f ′(a)→ 0. Solving for ∆y = dy + ε∆x, where ε→ 0 as ∆x→ 0.

Now let us extend this to functions of two variables.

Definition (increment). The increment of f at (a, b) is
∆z = f(a+ ∆x, b+ ∆y)− f(a, b).

Definition (differentiable). Let z = f(x, y). We say that f is differentiable at (a, b) if we
can write

∆z = fx(a, b)∆x+ fy(a, b)∆y + ε1∆x+ ε2∆y,

where ε1, ε2 are both functions of ∆x,∆y and ε1, ε2 → 0, as (∆x,∆y)→ (0, 0). We say that
f is differentiable on a region R ⊂ R2 whenever f is differentiable at every point in R.

In other words, f(x, y) is differentiable if the linear approximation at (a, b) is a good
approximation for points nearby.

Theorem 14.5. Suppose z = f(x, y) is defined on the rectangular region R = {(x, y) : x0 <
x < x1, y0 < y < y1} and fx and fy are defined on R and are continuous at (a, b) ∈ R. Then
for (a+∆x, b+∆y) ∈ R, ∆z = fx(a, b)∆x+fy(a, b)∆y+ε1x+ε2y, where ε1, ε2 are functions
of ∆x,∆y that both tend to zero as (∆x,∆y)→ (0, 0).

The theorem above then tells us that if fx, fy exist near (a, b) and fx, fy are continuous
at (a, b), then f is differentiable at (a, b).

NOTE: It does not say that if a function has partial derivatives at a point, it need be
differentiable or continuous at that point.

Example 14.29. Find the increment ∆z for f(x, y) = 2xy + y2.
∆z = 2(x + ∆x)(y + ∆y) + (y + ∆y)2 − (2xy + y2) = 2xy + 2x∆y + 2y∆x + 2∆x∆y +

y2 + 2y∆y + (∆y)2 − 2xy − y2 = 2y∆x+ (2x+ 2y)∆y + (2∆y)∆x+ ∆y∆y = fx(x, y)∆x+
fy(x, y)∆y + ε1∆x+ ε2∆y.
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Notice the similarity in the linearization formula and increment - ∆x = x−a, ∆y = y−b.
Increment x by dx = ∆x and y by dy = ∆y. Then

Definition (differential). The differential of z is
dz = fx(x, y)dx+ fy(x, y)dy = fx(a, b)(x− a) + fy(a, b)(y − b).
If dx and dy are small, then ∆z ≈ dz.

It estimates the change in the function when the independent variables change. It is
normally easier to compute than the actual change ∆z.

Example 14.30. I have a right circular cylinder of height 5 and radius 1. Approximately
how much does the volume change if I increase the radius by .1? the height by .1? both by
.1?

We can extend our definition of linear approximation to functions of more than two
variables (even if we cannot picture it):

L(x, y, z) = f(a, b, c) + fx(a, b, c)(x− a) + fy(a, b, c)(y − b) + fz(a, b, c)(z − c).
Likewise, we can write the differential
∆w ≈ dw = fx(a, b, c)∆x+ fy(a, b, c)∆y + fz(a, b, c)∆z.

Example 14.31. The sag in a beam is S(L,w, h) = .0004 L4

wh3
. A beam is supposed to

measure L = 36, w = 2, h = 6 with S = 1.5552. Due to weathering and other factors,
the manufacturer only guarantees measurements with errors tolerances of L = 36 ± 1, w =
2 ± .4, h = 6 ± .8. Use linear approximation to estimate the possible range of sags in the
beam.

14.5 Chain Rule

Recall the chain rule for single variable functions: d
dx

[f(g(x))] = f ′(g(x))g′(x). We now want
to extend this to multi-variable functions.
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Example 14.32. d
dt

[x2y] where x(t) = sin t, y(t) = et.
We could just write it d

dt
[sin2 tet] and use the normal product and chain rules. So,

2 sin t cos tet + sin2 tet.

So, why this section?

Example 14.33. What if we have the following: ∂d
∂t

[x2y] where x(t) = s(sin t), y(t) = tes?
We can substitute x and y in and get ∂d

∂t
[(s2 sin2 t)(tes)] = s2∗2 sin t cos t∗tes+s2 sin2 t∗es.

It would be nice to know we really can do it this way and to have notation for this. It
also gets messy writing it as one big function. Furthermore, we want a rule so that we can
do it formally. How do you think we should write the chain rule?

Let us try to figure it out.
Let f be a differentiable function in x, y where x, y are differentiable functions of t. Find

df/dt.

Write g(t) = f(x(t), y(t)), dg/dt = g′(t) = lim
∆t→0

g(t+ ∆t)− g(t)

∆t
= lim∆t→0

f(x(t+∆t),y(t+∆t))−f(x(t),y(t))
∆t

. For ease, write ∆x for x(t+∆t)−x(t), ∆y for y(t+∆t)−
y(t), and ∆z for f(x(t + ∆t), y(t + ∆t)) − f(x(t), y(t)). This gives lim∆t→0 f(x(t), y(t)) =

lim
∆t→0

∆z

∆t
. Since f is differentiable, ∆z = ∂f

∂x
∆x + ∂f

∂y
∆y + ε1∆x + ε2∆y where ε1, ε2 → 0

when (∆x,∆y) → (0, 0). So, we need to show that (∆x,∆y) → (0, 0). Dividing by ∆t:

∆z
∆t

= ∂f
∂x

∆x
∆t

+ ∂f
∂y

∆y
∆t

+ ε1
∆x
∆t

+ ε2
∆y
∆t

. Take the limit as ∆t goes to 0. Notice lim
∆t→0

∆x

∆t
=
dx

dt

and lim
∆t→0

∆y

∆t
=

dy

dt
. Furthermore, because x, y are differentiable, they are continuous so

lim ∆x = 0 and lim ∆y = 0. Therefore, since (∆x,∆y) → (0, 0) as ∆t → 0, ε1, ε2 → 0 and
we have the following theorem.

Theorem 14.6. Suppose that z = f(x, y) is a differentiable function of x and y, where x
and y are differentiable functions of t. Then z is a differentiable function of t and dz

dt
=

∂f
∂x

dx
dt

+ ∂f
∂y

dy
dt

.

Note: we used the definition of differentiability. Call t independent, x,y intermediate,
and z dependent variable.

Example 14.34. d
dt

[x2y], x = sin t, y = et.

We can extend this to x, y being functions of several variables:
For f(x, y) and x(s, t), y(s, t), hold t as constant and different wrt s. Now apply theorem

and we get ∂
∂s

[f(x, y)] = ∂f
∂x

∂x
∂s

+ ∂f
∂y

∂y
∂s

. Similarly for ∂f
∂t

.

Theorem 14.7. ∂f
∂s

= ∂f
∂x

∂x
∂s

+ ∂f
∂y

∂y
∂s

and ∂f
∂t

= ∂f
∂x

∂x
∂t

+ ∂f
∂y

∂y
∂t

where f is differentiable and x, y
in s, t have first order partials.
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Use tree diagrams to remember:

Do the sum of all products along chains going to whatever we are differentiating with
respect to. We can use this for whatever number of variables.

Example 14.35. d
dt

[x2y], x = s sin t, y = tes.

Note: we can sub in first or use the chain rule theorem - same answer. Do whichever is
easiest. Sometimes we do want to use the theorem to get a general formula.

Example 14.36. f(x, y), x = r cos θ, y = r sin θ. Find fr, frr.
fr = fx cos θ + fy sin θ.
frr = ∂fr

∂x
∗ ∂x
∂r

+ ∂fr
∂y

∂y
∂r

= fxx cos θ ∗ cos θ+ fyx sin θ cos θ+ fxy cos θ sin θ+ fyy sin θ ∗ sin θ =

fxx cos2 θ + 2fxy sin θ cos θ + fyy sin2 θ. So, we have the partials in polar coordinates - useful
later.

Group Exercise 14.2. Show fxx + fyy = frr + 1
r
fr + 1

r2
fθθ. This is the Laplacian - appears

in heat conduction and wave propagation.

Implicit differentiation
Use the chain rule to think about implicit differentiation differently.

Example 14.37. 1 + sin(y) = cos(xy) where y = f(x). Find dy
dx

.

Now let F (x, y) = 1 + sin(y)− cos(xy). Find Fx, Fy.

What do you notice?

Suppose F (x, y) = 0 defines y implicitly as a function x: y = f(x). Then differentiate
both sides with respect to x: Fx

dx
dx

+ Fy
dy
dx

= 0. Thus, 0 = Fx + Fy
dy
dx
⇒ dy

dx
= −Fx

Fy
.

Theorem 14.8 (Implicit Function Theorem). If Fx and Fy are continuous on an open disk
containing (a, b) where F (a, b) = 0, Fy(a, b) 6= 0, then F (x, y) = 0 implicitly defines y as a

function of x near (a, b). And,
dy

dx
=
−Fx
Fy
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Proof. Advanced Calculus/Real Analysis

We can extend this: F (x, y, z) = 0, z = f(x, y).

Fx
∂x

∂x
+ Fy

∂y

∂x
+ Fz

∂z

∂x
= 0⇒ ∂z

∂x
=
−Fx
Fz

.

Example 14.38. Find ∂z
∂x
, ∂z
∂y

. xyz − 4y2z2 + cos(xy) = 0.

Example 14.39. g(t) = f(x(t), y(t)). Find g′′(t).

14.6 Directional Derivatives and the Gradient Vector

Imagine you are walking in Maine’s White Mountains. Your height is a function of your
longitude x and your latitude y: f(x, y). The slope of the terrain due east is ∂f

∂x
and the

slope of the terrain due north is ∂f
∂y

. What about another direction?
- need directional derivative: change x’s and y’s at the same time

We want the rate of change of f(x, y) at point P(a,b) in the direction of a unit vector
u = 〈u1, u2〉. Let Q(x,y) be any point on line with direction u through point P. PQ parallel
to u implies PQ = hu ⇒ 〈x − a, y − b〉 = 〈hu1, hu2〉 ⇒ x = a + hu1, y = b + hu2. So,

Q = (a + hu1, b + hu2). Average rate of change of z along PQ is f(a+hu1,b+hu2)−f(a,b)
h

. Now
take limit.

Definition. The directional derivative of f(x, y) at (a, b) in the direction of the unit vector
u = 〈u1, u2〉 is

Duf(a, b) = lim
h→0

f(a+ hu1, b+ hu2)− f(a, b)

h

if the limit exists.

Note: 1) changing x, y at the same time 2) If u = 〈1, 0〉, gives ∂f
∂x

3) If u = 〈0, 1〉, gives ∂f
∂y
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Theorem 14.9. Suppose f is differentiable at (a, b) and u = 〈u1, u2〉 is any unit vector.
Then Duf(a, b) = fx(a, b)u1 + fy(a, b)u2.

Proof. Idea - break it up into components.
Let g(h) = f(a+ hu1, b+ hu2). Then g(0) = f(a, b) and

Du = lim
h→0

f(a+ hu1, b+ hu2)− f(a, b)

h
= lim

h→0

g(h)− g(0)

h
= g′(0).

g(h) = f(a + hu1, b + hu2) = f(x, y): use the chain rule to get g′(h) = fx ∗ xh + fy ∗ yh =
fx ∗ u1 + fy ∗ u2. Take h = 0 to obtain Duf = g′(0) = fx(a, b)u1 + fy(a, b)u2.

Example 14.40. f(x, y) = xy2 + 2x+ 3y. Compute Duf(1, 1), u = 〈1/
√

5, 2/
√

5〉.

NB: the directional derivative is a scalar.

Definition. The gradient of f(x, y) is the vector-valued function ∇f(x, y) = 〈∂f
∂x
, ∂f
∂y
〉 pro-

vided the partial derivatives exist.

Thus, we can write Duf(x, y) = ∇f(x, y) · u.

Example 14.41. f(x, y) = x2 + y2 Compute Duf(1,−1), u = 〈−3/5, 4/5〉.

The graphical interpretation is the same as before if we change our frame of reference.

We can use a contour plot to estimate the value of the directional derivative:

Example 14.42. f(x, y) = x2 + y2. Duf(1,−1), u = 〈−3/5, 4/5〉.

Question - in which direction does a function have its maximum or minimum rate of
increase?
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Duf(x, y) = ∇f(x, y) · u = ||∇f || ∗ ||u|| cos θ = ||∇f || cos θ is max when θ = 0 and
minimum when θ = π. Thus, the maximum value is ||∇f || in the direction of ∇f

||∇f || . And the

minimum value is −||∇f || in the direction of −∇f||∇f || . When θ = π/2, u and the gradient are
orthogonal and the directional derivative is 0.

Recall - level curves are curves in the xy-plane on which f is constant. This implies that
the directional derivative is 0, which means u is tangent to the level curve.

Theorem 14.10. Suppose f is differentiable at (a, b). Then i) the maximum rate of change
is ||∇f || in the direction of the gradient ii) the minimum rate of change is −||∇f || in the
direction opposite the gradient iii) the rate of change is 0 in the direction orthogonal to the
gradient iv) the gradient is orthogonal to the level curve.

Example 14.43. f(x, y) = x2 + y2 at (1,−1).

Example 14.44. f(x, y) = y2e4x at (3,−1).

Path of steepest ascent - keep traveling orthogonally to each level curve. In general it is hard
to find the equation for this path.

We can extend all of this to functions of more than two variables.

Definition.

Duf(a, b, c) = lim
h→0

f(a+ hu1, b+ hu2, c+ hu3)− f(a, b, c)

h

if the limit exists.
∇f(x, y, z) = 〈fx, fy, fz〉 if all partials are defined.

Theorem 14.11. If f is differentiable and u is a unit vector, then Duf(x, y, z) = ∇f(x, y, z)·
u.

f(x, y, z) = k is a level surface. Let u be a unit vector in the tangent plane to the level
surface at (a, b, c). Then Du = 0 because f is constant on the surface. Thus 0 = Du = ∇f ·u
implies ∇f is orthogonal to u, which means that ∇f is orthogonal to any vector in the
tangent place at (a, b, c). Thus ∇f is a normal vector of the tangent plane to the surface.
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Theorem 14.12. Suppose f(x, y, z) has continuous partials at (a, b, c) and ∇f 6= 0. Then
∇f(a, b, c) is a normal vector to the tangent plane to the surface f(x, y, z) = k at (a, b, c).
The equation of the tangent plane is

0 = fx(a, b, c)(x− a) + fy(a, b, c)(y − b) + fz(a, b, c)(z − c).

Notice that normal vector earlier is a special case of this: z = f(x, y) → f(x, y) − z =
0→ fz = −1.

The normal line is: x = a+ fxt, y = b+ fyt, z = c+ fzt.

Example 14.45. x2 − y2 − z2 = 0 at (5,−3,−4).

14.7 Maximum and Minimum Values

Definition (extrema). We call f(a, b) a local maximum if there is an open disk R centered
at (a, b) for which f(a, b) ≥ f(x, y) for all (x, y) ∈ R. Similarly, f(a, b) is local minimum if
there is an open disk R centered at (a, b) for which f(a, b) ≤ f(x, y) for all (x, y) ∈ R. In
either case, we call them local extremum.

The tangent plane is horizontal at a local extremum.

Definition (critical point). The point (a, b) is a critical point of f(x, y) if (a, b) is in the
domain of f and either fx(a, b) = 0 and fy(a, b) = 0 or one or both partials do not exist.

Theorem 14.13. If f(x, y) has a local extremum at (a, b), then (a, b) must be a critical
point.

Proof. Assume f has a local extremum. Hold y constant. Then g(x) = f(x, b) has a local
extremum at x = a ⇒ g′(a) = 0 or DNE (theorem from Calc I). Similarly for holding x
constant.

NB: a critical point does not have to be an extremum. Test all critical points.

Example 14.46. (Maple) f(x, y) = xe−x
2/2−y3/3+y.
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Definition (saddle point). (a, b, f(a, b)) is a saddle point of z = f(x, y) if (a, b) is a critical
point of f and if every open disk centered at (a, b) contains point for which f(x, y) < f(a, b)
and points for which f(x, y) > f(a, b).

Theorem 14.14 (2nd derivative test). Suppose f(x, y) has continuous 2nd order partial
derivatives in some open disk containing (a, b) and fx(a, b) = fy(a, b) = 0. Define the
discriminant D for the point by D(a, b) = fxx(a, b)fyy(a, b)−[fxy(a, b)]

2 (2 by 2 determinant).
i) If D > 0 and fxx > 0, then local min.
ii) If D > 0 and fxx < 0, then local max.
iii) If D < 0, saddle point.
iv) D = 0, no conclusion.

Proof. in book. Idea: D > 0 implies either both fxx and fyy are positive or both negative.
If both positive, concave up in both directions; if both negative, concave down. If D < 0,
it could be that they have opposite signs. This would mean that one direction concave up,
one concave down.

Example 14.47. (Maple) f(x, y) = x3 − 3xy + y3

Example 14.48. (Maple) f(x, y) = x3 − 2y2 − 2y4 + 3x2y.

Example 14.49. I would like to make a rectangular box with no lid that has a volume of 4
cubic meters. What should the dimensions be to minimize the surface area?
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Definition (absolute extrema). f(a, b) is the absolute maximum of f on a region R if
f(a, b) ≥ f(x, y)∀(x, y) ∈ R. f(a, b) is the absolute minimum of f on a region R if
f(a, b) ≤ f(x, y)∀(x, y) ∈ R. They are called absolute extrema.

Bounded - R ⊂ R2 is bounded if there is a disk that completely contains R.

Theorem 14.15 (Extreme Value Theorem). Suppose f(x, y) is continuous on a closed and
bounded region R ⊂ R2. Then f has an absolute max and absolute min on R. Furthermore,
the absolute extrema are on the boundary or critical points.

Steps: 1. Find critical points 2. Find max, min on boundary 3. compare function values

Example 14.50. (Maple) f(x, y) = x2 +3y−3xy on region enclosed by y = x, y = 0, x = 2.

To estimate local max/local min: method of steepest ascent.
1. initial guess (x0, y0)
2. move in direction of ∇f(x0, y0) until function stops increasing
3. do again

Example 14.51. f(x, y) = 2xy − 2x2 + y3 at (0,−1).
f(0,−1) = −1.
∇f = 〈2y − 4x, 2x+ 3y2〉
∇f(0,−1) = 〈−2, 3〉. Every point on the line is (0 − 2h,−1 + 3h). Stops when g(h) =

f(−2h,−1 + 3h) has a max.
g′(h) = −2fx+3fy = −2(2(−1+3h)−4(−2h))+3(2(−2h)+3(−1+3h)2) = 0⇒ h = .1605.
This gives (−.3210,−.5185). Now do again.

14.8 Lagrange Multipliers

Usually when we optimize, we have constraints. So, we will find the max/min given con-
straints.
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Example 14.52. Find the point on the line closest to the origin.

On the circle is the minimum. So, minimize
√

(x− 0)2 + (y − 0)2 ⇔ x2 + y2 is min.
The gradient is orthogonal to the level curves, so in order for the level curve of f to be

tangent to the constraint curve g(x, y) = 0, ∇f is parallel to ∇g.
So, if the line is y = 3− 2x: f(x, y) = x2 + y2, ∇f = 〈2x, 2y〉 and g(x, y) = 2x+ y − 3,

∇g = 〈2, 1〉. Thus, 〈2x, 2y〉 = λ〈2, 1〉 ⇒ 2x = 2λ, 2y = λ⇒ x = λ, y = λ/2⇒ x = 2y in g
implies y = 3− 2(2y)⇒ 5y = 3⇒ y = 3/5, x = 6/5.

Method of Lagrange multipliers:

Theorem 14.16. Suppose f(x, y, z), g(x, y, z) are functions with continuous 1st partial
derivatives and ∇g(x, y, z) 6= 0 on the surface g(x, y, z) = 0. Suppose either i) min value or
ii) max value of f(x, y, z) subject to g(x, y, z) = 0 occurs at (x0, y0, z0). Then ∇f(x0, y0, z0) =
λ∇g(x0, y0, z0) for some constant λ.

Proof. (idea) ∇f must be orthogonal to every curve lying on level surface S defined by
g(x, y, z) = 0. ∇g is also orthogonal to S, so ∇f, ∇g must be parallel.

Note: we need to solve 4 equations in 4 unknowns. It produces candidates for extrema.

Example 14.53. f(x, y) = x2ey subject to x2 + y2 = 3. So, g(x, y) = x2 + y2 − 3.

What if we want an inequality constraint? 1. Find the critical points that satisfy the
constraint. 2. Find extrema on the boundary g(x, y) = c 3. compare values

Example 14.54. f(x, y) = 4x2y subject to x2 + y2 ≤ 3.
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λ gives the instantaneous rate of change of f with respect to the change in the constraint
constant.

Multiple constraints:
∇f = λ∇g + µ∇h. - (x, y, z) must be on both surfaces g,h
- so surfaces must intersect for solution
- Assume gradients are not 0 and not parallel, so surfaces intersect in curve
- gradient of f is orthogonal to the curve
- the curve lies on both surfaces, so ∇g, ∇h are orthogonal to the curve
- ∇f lies in the plane determined by ∇g, ∇h
- Thus, ∇f = λ∇g + µ∇h.

Example 14.55. f(x, y, z) = x2 + y2 + z2 subject to x+ 2y + 3z − 6 = 0 and y + z = 0.
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15 Multiple Integrals

15.1 Double Integrals over Rectangles

In Calc I/II to get area under curve we partitioned the interval into n subintervals. Let
||P || be the largest length of the subintervals. Then the area under the curve is the limit as
||P || → 0 of the sum of area of the rectangles provided the limit exists and is the same of all
evaluation points.

Now we want to find the volume of a solid lying below a surface z = f(x, y) and above
the rectangle R = {(x, y) : a ≤ x ≤ b, c ≤ y ≤ d}. Assume f is continuous and f(x, y) ≥ 0
on the rectangle. Now do the same steps as before:

1. partition R with a grid of n rectangles called R11, R12, ..., Rnm.
2. For each Rij, we want to approximate the volume Vij using rectangular boxes. Vij =

f(xij, yij)∆Aij for some point (xij, yij) ∈ Rij.

3. Sum the Vij:
m∑
j=1

n∑
i=1

f(xij, yij)∆Aij ≈ V .

4. Take limit as rectangles get smaller. Thus V = lim
m,n→∞

m∑
j=1

n∑
i=1

f(xij, yij)∆Aij if the

limit exists and is the same for all choice of evaluation points.

Example 15.1. z = x2 sin(πy/6) above R = {(x, y) : 0 ≤ x ≤ 6, 0 ≤ y ≤ 6}.
The function is continuous and nonnegative. Partition into 4 equal rectangles, choose the

center point.
∆Ai = 3∗3 = 9 so V ≈ f(3/2, 3/2)∗9+f(9/2, 3/2)∗9+f(3/2, 9/2)∗9+f(9/2, 9/2)∗9 =

405√
2
≈ 286.4. Obviously, the more rectangles the better.

Definition. For any function f(x, y) defined on the rectangle R = {(x, y) : a ≤ x ≤ b, c ≤
y ≤ d}, we define the double integral of f over R by∫∫

R

f(x, y) dA = lim
m,n→∞

m∑
j=1

n∑
i=1

f(xij, yij)∆Aij

provided the limit exists and is the same for every choice of evaluation. When this happens,
we say f is integrable over R.
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It is true that f being continuous implies f is integrable (proved in an analysis text).

Average Value: divide the value of the double integral by the area of the rectangle

15.2 Iterated Integrals

Question - how do we compute the double integral?
Look at a special case: f(x, y) ≥ 0.

• slice solid with planes parallel to yz-plane

• denote area of cross section of the solid for a given value of x by A(x)

• V =

∫ b

a

A(x) dx by Calc II

• for each fixed x, the area of the cross-section is the area under the curve z = f(x, y)

for c ≤ y ≤ d, which is A(x) =

∫ d

c

f(x, y)dy

• Thus, V =

∫ b

a

[

∫ d

c

f(x, y) dy] dx.

• we could also slice with planes parallel to the xz-plane to get V =

∫ d

c

[

∫ b

a

f(x, y) dy] dx.

These are called iterated integrals. Each indicates partial integration with respect to
inner variable holding outer constant. So, the inner integral is reverse partial differentiation
and the outer like Calc II.

Theorem 15.1 (Fubini’s Theorem). (must know) Suppose f is integrable over R = {(x, y) :
a ≤ x ≤ b, c ≤ y ≤ d}. Then∫∫

R

f(x, y) dA =

∫ b

a

∫ d

c

f(x, y) dy dx =

∫ d

c

∫ b

a

f(x, y) dy dx.

Choose the order that makes sense for ease of integration.

Example 15.2.

∫∫
R

4xe2y dA, R = {(x, y) : 2 ≤ x ≤ 4, 0 ≤ y ≤ 1}.
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Example 15.3. Find the volume of the solid that lies under the plane 4x+ 6y− 2z+ 15 = 0
and above the rectangle R = {(x, y) : −1 ≤ x ≤ 2, −1 ≤ y ≤ 1}.

15.3 Double Integrals over General Regions

Question: What about a general bounded region?
Put a rectangular grid on the region, but now take only those rectangles lying completely

inside the region D - called inner partition. Now do the same as before. As the ares of the
rectangles go to 0, the inner partition fills D.

Definition. For any f(x, y) defined on a bounded region D ⊂ R2, the double integral over
D is ∫∫

D

f(x, y) dA = lim
m,n→∞

m∑
j=1

n∑
i=1

f(xij, yij)∆Aij

provided the limit exists and is the same for every choice of evaluation. When this happens,
we say f is integrable over D.

It is again true that f being continuous implies f is integrable.

Question - again, how do we compute the double integral? Answer: as an iterated integral.
Look at a special case: R = {(x, y) : a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x)}.

As before,

• slice solid with planes parallel to yz-plane (vertical lines in graph of region)

• V =

∫ b

a

A(x) dx by Calc II

• for each fixed x, the area of the cross-section is the area under the curve is A(x) =∫ g2(x)

g1(x)

f(x, y) dy
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• Thus, V =

∫ b

a

∫ g2(x)

g1(x)

f(x, y) dy dx.

Note: you must draw a picture!

Theorem 15.2. Suppose f is continuous on R = {(x, y) : a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x)}
for continuous g1, g2 and g1 ≤ g2 ∀x ∈ [a, b]. Then∫∫

R

f(x, y) dA =

∫ b

a

∫ g2(x)

g1(x)

f(x, y) dy dx.

Likewise,

Theorem 15.3. Suppose f is continuous on R = {(x, y) : h1(y) ≤ x ≤ h2(y), c ≤ y ≤ d}
for continuous h1, h2 and h1 ≤ h2 ∀y ∈ [c, d]. Then∫∫

R

f(x, y) dA =

∫ d

c

∫ h2(y)

h1(y)

f(x, y) dx dy.

NB: Choose which direction makes sense - draw picture!

Example 15.4. z = 3x2 + 2y, z = 0, y = 1− x2, and y = 0

Example 15.5. z = 4− 2y, region: z = 0, x = y4, x = 1

We may have to switch order: do NOT just interchange order, figure out new bounds.
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Example 15.6.

∫ 1

0

∫ 2

2x

f dy dx

Example 15.7.

∫ 1

0

∫ 1

√
x

3

4 + y3
dy dx

We cannot integrate the inner one, so switch order.

NB: Also watch out for splitting the region into multiple parts.

Theorem 15.4. Assume f, g are integrable over R ⊂ R2, c constant.
i)
∫∫
R

cf dA = c
∫∫
R

f dA

ii)
∫∫
R

(f + g) dA =
∫∫
R

f dA+
∫∫
R

g dA

iii)
∫∫
R

f dA =
∫∫
R1

f dA+
∫∫
R2

f dA, R = R1

⊔
R2.

What is the area of the region D? In other words, how can I use a double integral to find
area?

A(D) =

∫∫
D

1 dA.

Example 15.8. Compute the area of the region bounded by the curves y = x3, y = x2.

We can do either dx or dy first. We might as well do dy first since the bounds are given
as functions of x.
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Now we want to calculate volumes of solids. The hard part is figuring out the region R.
It will require drawing a good picture of the solid and its base.

Example 15.9. Compute the volume of the solid bounded by 2x+ 3y + z = 6 and the three
coordinate planes.

It looks like a tetrahedron. It is lying beneath the surface z = −2x− 3y + 6 and is above
a triangle formed by the x-axis, y-axis, and the trace of the surface on the xy-plane.

Example 15.10. Compute the volume of the solid bounded by z = 1 − y2, x + y = 1, and
the three coordinate planes.

Example 15.11. Compute the volume of the solid bounded by z = x + 2, z = y − 2, x =
y2 − 2, x = y.
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15.4 Double Integrals in Polar Coordinates

Polar coordinates are useful for integrating over a region which is a portion of a circle. This
gives an easier way of integrating over a circle and there are some regions where we do not
have a function that describes them in rectangular coordinates. We would have to split these
regions up into multiple parts. So, if you see curves or x2 + y2, consider polar coordinates.

Example 15.12. Find the volume of a cylinder of height h using a double integral.
We will have to break this up into two parts, which are symmetrical so we can multiply

the end by 2. We want the volume under the surface z = h and above the circle x2 +y2 = r2.
We will consider the volume above the semi-circle y =

√
r2 − x2 and multiply by 2.

The double integral becomes the iterated integral

2

∫ r

−r

∫ √r2−x2
0

h dydx = 2

∫ r

−r
h ∗
√
r2 − x2dx = 2h

∫
r2 cos2 θdθ

using trig. substitution. Using a trig identity cos2 θ = (1 + cos 2θ)/2 we get

= 2hr2(1/2θ + 1/4 sin 2θ) = 2hr2(1/2 arcsin(x/r) + 1/2 ∗ x/r ∗
√
r2 − x2/r|r−r

= hr2(arcsin 1 + 0− arcsin(−1)− 0) = πr2 ∗ h.

This was possible, but not overly pleasant.

So, let us figure out how to use polar coordinates.
Suppose the region R can be written in the form R = {(r, θ) : α ≤ θ ≤ β, g1(θ) ≤

r ≤ g2(θ)}, where 0 ≤ g1(θ) ≤ g2(θ). Rather than partitioning the region using rectangles,
partition it using concentric circular arcs and rays.

What is the area of one of these elementary polar regions? The area of a sector is 1
2
θr2.

So, the area of the region is 1
2
∆θr2

2− 1
2
∆θr2

1 = 1
2
(r2

2−r2
1)∆θ = 1

2
(r2−r1)(r2 +r1)∆θ = r̄∆r∆θ

where r̄ is the average radius.
Then the volume under the surface z = f(r, θ) where f is continuous and ≥ 0 and above

a polar region is the volume of a cylinder = height*area of base. The total volume is then

V ≈
m∑
j=1

n∑
i=1

f(ri, θj)ri∆ri∆θj. Taking the limit, we get V =

∫ β

α

∫ g2(θ)

g1(θ)

f(r, θ)rdrdθ.

Again, we have a theorem that tells us the double integral is equal to the iterated integral.

Theorem 15.5 (Fubini’s Theorem). Suppose that f(r, θ) is continuous on the region R =
{(r, θ) : α ≤ β, g1(θ) ≤ r ≤ g2(θ)}, where 0 ≤ g1(θ) ≤ g2(θ) for all θ in [α, β]. Then∫∫

R

f(r, θ)dA =

∫ β

α

∫ g2(θ)

g1(θ)

f(r, θ)rdrdθ.
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NB: Use x = r cos θ and y = r sin θ to convert a function to polar coordinates. Do not
forget the r!!

Example 15.13. Cylinder take 2:
We are integrating under f(r, θ) = h over the polar region a circle of radius r. Our

volume is ∫ 2π

0

∫ r

0

h ∗ rdrdθ =

∫ 2π

0

1

2
hr2|r0dθ

=

∫ 2π

0

1

2
hr2dθ =

1

2
hr2θ|2π0 = πr2h.

Example 15.14. Evaluate the double integral
∫∫

R

√
x2 + y2 dA where R is the disk x2+y2 ≤

9.

Example 15.15. Find the volume inside the paraboloid z = 9−x2−y2, outside the cylinder
x2 + y2 = 4 and above xy-plane.

Example 15.16. Find the area enclosed by one loop of the four-leaved rose, r = cos(2θ).
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15.5 Applications of Double Integrals

Density and Mass

Lamina - thin, flat plate in shape of region D ⊂ R.
Say density varies throughout the plate and is given by ρ(x, y). Since density is mass

divided by area, to calculate the mass of the lamina we use:
m ≈

∑∑
ρ(xij, yij)∆A

Now take the limit and we get m =
∫∫
D

ρ(x, y) dA.

How do we find the center of mass?
To balance the lamina we need to balance it left to right and top to bottom; ie.e. we need

the moment with respect to both the x-axis and y-axis. My ≈
∑∑

xijρ(xij, yij) (sum of

product of the masses and their directed distances from the y-axis). Taking the limit we get

My =

∫∫
D

xρ(x, y)dA.

Likewise,

Mx =

∫∫
D

yρ(x, y)dA.

The center of mass is the point (x̄, ȳ) = (My

m
, Mx

m
).

Example 15.17. Find the center of mass of the lamina bounded by y = x4, y = x2, x ≥ 0
and with density ρ(x, y) = x+ y

Moment of Inertia

Second moments - also called the moments of inertia, labeled Iy, Ix. It is mr2, where r is
the distance from the particle to the axis.

Iy =

∫∫
D

x2ρ(x, y) dA is the second moment about the y-axis.

Ix =

∫∫
D

y2ρ(x, y) dA is the second moment about the x-axis.
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The polar moment of inertia is the sum of the two above.
The larger the values of the moments of inertia, the more difficult it is to rotate the

lamina about that axis.

Probability

Suppose I have two continuous random variables. The joint density function of X and
Y is a function f of two variables such that the probability that (X, Y ) lies in a region D is:

P ((X, Y ) ∈ D) =
∫∫
D

f(x, y) dA.

If X and Y are independent random variables, their joint density function is the product
of their individual density functions.

Example 15.18. Let f(x, y) = Cx(1 + y) for 0 ≤ x ≤ 1, 0 ≤ y ≤ 2 and 0 otherwise.
Find C: We need that the probability of all of R2 is 1.∫∫

Cx(1 + y) =
∫ 2

0

∫ 1

0
Cx(1 + y) dx dy =

∫ 2

0
C
2

(1 + y) dy = C
2

(y + 1/2y2)| = 2C = 1 ⇒
C = 1

2
.

What is the probability that X + Y ≤ 1?∫ 1

0

∫ y−1

0
1
2
x(1+y) dx dy = 5

48
. (y goes to 1 since sum has to be less than 1, it gets cut off.)

The expected values of X and Y are essentially the moments/center of mass of the joint
density function - think of probability as a distributed mass.

15.6 Surface Area

Skip for now - will do in section 16.6.
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15.7 Triple Integrals

Single integral - area under the curve given an interval
Double integral - volume under a surface given a region
Triple integral - ”hyper-volume” under a 4-D space given a surface; there is no immediate

geometric significance, but there are many significant applications (eg. mass and center of
mass of a solid)

First consider the case of a function f(x, y, z) defined on a rectangular box Q in 3-D
space: Q = {(x, y, z) : a ≤ x ≤ b, c ≤ y ≤ d, r ≤ z ≤ s}. Partition into smaller boxes with
planes parallel to the coordinate planes. Number the boxes in any order. Let the dimensions
of Qijk be ∆xi,∆yj,∆zk. Then the volume of the box ∆Vijk = ∆xi∆yj∆zk.

Form the Riemann sum
∑
k

∑
j

n∑
i=1

f(xi, yj, zk)∆Vijk.

We can also define triple integrals for more general 3-D regions. Again partition and use
the inner partition of cubes that lie completely in the region. Sum over the inner partition.

Definition (Triple Integral). For any function f(x, y, z) defined on the bounded solid Q, we
define the triple integral of f over Q by∫∫∫

Q

f(x, y, z)dV = lim
l,m,n→0∞

l∑
k=1

m∑
j=1

n∑
i=1

f(xi, yj, zk)∆Vijk,

provided the limit exists and is the same for every choice of evaluation points (xi, yj, zk) in
Qijk. When this happens, we say that f is integrable over Q.

Theorem 15.6 (Fubini’s Theorem). Suppose that f(x, y, z) is continuous on the box Q
defined by Q = {(x, y, z) : a ≤ x ≤ b, c ≤ y ≤ d, r ≤ z ≤ s}. Then, we can write the triple
integral over Q as a triple iterated integral:∫∫∫

Q

f(x, y, z)dV =

∫ b

a

∫ d

c

∫ s

r

f(x, y, z)dxdydz,

or any of the other five orders.

Again, evaluate inside out using partial integration.

Example 15.19. Evaluate the triple integral with f(x, y, z) = 2x2 + y3 and Q = {(x, y, z) :
0 ≤ x ≤ 3,−2 ≤ y ≤ 1, 1 ≤ z ≤ 2}

Choose any order.∫ 1

−2

∫ 3

0

∫ 2

1

2x2 +y3dzdxdy =

∫ 1

−2

∫ 3

0

(2x2 +y3)∗(2−1)dzdx =

∫ 1

−2

2/3∗(3−0)3 +y3(3−0)dy

= 18 ∗ (1 + 2) + 3/4((1)4 − (−2)4) = 54− 45/4 = 171/4
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Again, we have a theorem that says the triple integral is equal to the iterated integral.
There are six different choices of order of integration. The difficulty is writing them

down/changing between them, choosing the best one. The bounds of the outermost integral
must be numbers! The middle bounds are numbers or functions of the outermost variable.
The inner bounds are functions of the other two variables (or one or numbers). Remember
this!

The hard part is finding the limits of integration. Draw a good sketch! Think about
which order is best; do not automatically go with the order given or your favorite letter
ordering. Do a lot of examples, because multiple integrals will be the basis for most of the
rest of the course.

Example 15.20. Evaluate the triple integral where f(x, y, z) = 6xz2 and Q is the tetrahedron
bounded by −2x+ y + z = 4 and the coordinate planes.

Pick base and draw a line coming up out of base: where does it start and end: inner
integral bounds. Choose z: z goes from 0 to plane −2x+ y+ z = 4. So,

∫ 4+2x−y
0

dz. Now set
up last two like we did in 13.1, 13.2: draw line in base and get bounds for one of remaining
variables. Choose y: y goes from 0 to line −2x+y = 4. So,

∫ 4+2x

0
. Lastly, what two numbers

does the last variable range between: −2 ≤ x ≤ 0. We could have chosen another order - try
it! ∫ 0

−2

∫ 4+2x

0

∫ 4+2x−y

0

6xz2dzdydx = −256/15

Note that ∫∫∫
Q

1dV = lim
||P ||→0

n∑
i=1

∆Vi = V ;

the triple integral gives the volume of the solid. Note it reduces to the double integral we
found before.

Example 15.21. Compute the volume of the solid bounded by z = 1−y2, z = 0, x = 2, x = 4.

∫ 1

−1

∫ 4

2

∫ 1−y2

0

1dzdxdy =

∫ 4

2

∫ 1

−1

∫ 1−y2

0

1dzdydx

=

∫ 1

−1

∫ 1−y2

0

∫ 4

2

1dxdzdy = 8/3.
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Example 15.22. Set up the iterated integral over the region bounded by y = x2 + z2 and
y = 4.∫ 2

−2

∫ √4−x2
−
√

4−x2
∫ 4

x2+z2
f(x, y, z) dy dz dx

OR double it and change z bounds.
OR convert to polar coordinates.

Mass and center of mass:
Suppose a solid Q has mass density given by ρ(x, y, z). Create an inner partition and the

approximate mass of Qijk is mijk ≈ ρ(xi, yj, zk)∆Vi. Take the sum to get the approximate
value for the mass of the solid, and then take the limit to get the exact mass of the solid.
Just like we did with laminas only extended to three variables.

So, m =
∫∫∫
Q

ρ(x, y, z)dV .

Define the first moments to be Myz =
∫∫∫
Q

xρ(x, y, z)dV , Mxz =
∫∫∫
Q

yρ(x, y, z)dV , Mxy =∫∫∫
Q

zρ(x, y, z)dV . The center of mass is then (Myz

m
, Mxz

m
, Mxy

m
).

Example 15.23. Find the mass of the solid bounded by z = x2 + y2 and z = 4 and with
density ρ(x, y, z) = 2 + x.

Circular paraboloid opening up, cut off by the plane z = 4. So, solid is in the cup. Think
of the base as being the top - the circle of radius 2.

∫∫
R

∫ 4

x2+y2
(2 + x) dz dA

∫∫
R

(2 + x)(4− (x2 + y2))

Convert to polar coordinates.∫ 2π

0

∫ 2

0

(2 + r cos θ)(4− r2)r drdθ = 16π

15.8 Cylindrical Coordinates

Use: for cylinder/round bottoms-type solids; same cases as polar coordinates
cylindrical coordinates - replace 2 of the variables in 3-D coordinate system by polar
coordinates
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P (x, y, z) ∈ R3: (x, y) ∈ R2 in polar x = r cos θ, y = r sin θ, r2 = x2 + y2, θ is the angle
made by the line segment connecting the origin and the point (x, y, 0) with the positive
x-axis. (r, θ, z) is cylindrical coordinate.

NB: You do not have to convert x and y - you can convert any two variables with the
third being itself.

Example 15.24. z2 = x2 + y2 converts to z2 = r2 ⇒ z = ±r (+ is top cone, - is bottom
cone)

Theorem 15.7. If S = {(r, θ, z) : (r, θ) ∈ R, k1(r, θ) ≤ z ≤ k2(r, θ)} and R = {(r, θ) : α ≤
θ ≤ β, g1(θ) ≤ r ≤ g2(θ)}, then∫∫∫

S

f(x, y, z)dV =

∫ β

α

∫ g2(θ)

g1(θ)

∫ k2(r,θ)

k1(r,θ)

f(r, θ, z) r dz dr dθ.

Example 15.25. S is above the xy-plane, below z = 4− x2 − y2.

∫ 2π

0

∫ 2

0

∫ 4−r2

0

f(r cos θ, r sin θ, z)rdzdrdθ

Example 15.26. Change coordinate system:∫ 3

−3

∫ 0

−
√

9−x2

∫ x2+z2

0

(x2 + z2)dydzdx

∫ 2π

π

∫ 3

0

∫ r2

0

r2 ∗ r dy dr dθ
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Example 15.27. Evaluate.
∫∫∫
Q

2xdV where Q is between z =
√
x2 + y2 and z = 0 and

inside x2 + (y − 1)2 = 1.

x2 + (y − 1)2 = 1⇒ x2 + y2 + 2y + 1 = 1⇒ x2 + y2 = 2y ⇒ r2 = 2r sin θ ⇒ r = 2 sin θ.∫ π

0

∫ 2 sin θ

0

∫ r

0

2r cos θ ∗ r dz dr dθ = 0

15.9 Spherical Coordinates

Spherical - for many solids, easier than rectangular or cylindrical; eg. spherical solids: sphere,
hemisphere, cones, when you see x2 + y2 + z2, take advantage of symmetry about a point

- only for triple integrals

A point P (x, y, z) in rectangular coordinates can be written in spherical coordinates as
(ρ, φ, θ). ρ is the distance from the origin: ρ =

√
x2 + y2 + z2 ≥ 0. φ is the angle from the

positive z-axis to the vector OP, 0 ≤ φ ≤ π. θ is the angle from the positive x-axis to the
vector OR, where R is the point lying in the xy-plane with rectangular coordinates (x, y, 0),
same as polar angle, 0 ≤ θ ≤ 2π.

How do we relate rectangular and spherical coordinates? Notice x = ||OR|| cos θ =
||QP|| cos θ = ρ sinφ cos θ. Likewise, y = ||OR|| sin θ = ρ sinφ sin θ and z = ρ cosφ.

Example 15.28. Convert (4, π/6, π/4) to rectangular coordinates.
x = 4 ∗ sin(π/6) ∗ cos(π/4) = 4 ∗ 1/2 ∗

√
2/2 =

√
2

y = 4 ∗ sin(π/6) ∗ sin(π/4) =
√

2
z = 4 ∗ cos(π/6) = 2

√
3

Example 15.29. Convert to spherical: z2 = x2 + y2 cone.
ρ2 cos2 φ = ρ2 sin2 φ cos2 θ+ ρ2 sin2 φ sin2 θ = ρ2 sin2 φ(cos2 θ+ sin2 θ) = ρ2 sin2 φ. For this

to be true, we need ρ = 0 or φ = π/4 or φ = 3π/4 (origin, top half of cone, bottom half of
cone).

What are some other basic solids?
ρ = k is a sphere of radius k centered at the origin.
θ = k is a vertical half-plane with its edge along the z-axis.
φ = k for 0 < k < π/2 is the top half of a cone; for π/2 < k < π is the bottom half;

k = 0 is the positive z-axis; k = π/2 is the xy-plane; k = π is the negative z-axis.
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How do we write a triple integral in spherical coordinates?
Construct an inner partition of the solid Q by slicing it with spheres, half-planes, and

half-cones. This divides Q into spherical wedges of the form Qk = {(ρ, φ, θ) : ρk−1 ≤ ρ ≤
ρk, φk−1 ≤ φ ≤ φk, θk−1 ≤ θ ≤ θk}.

Qijk is nearly a rectangular box; its volume is approximately: ∆V ≈ ∆ρi(ρi∆φj)(ρi sinφj∆θk) =
ρ2
i sinφj∆ρi∆φj∆θk. Summing over the inner partition and letting the volume of each box

go to 0, we get∫∫∫
f(ρ, φ, θ)dV = lim

∑∑∑
f(ρi, φj, θk)∆dVijk =

∫∫∫
Q

f(ρ, φ, θ)ρ2 sinφdρdφdθ.

Notice that dV = ρ2 sinφdρdφdθ.

Example 15.30. Evaluate
∫∫∫

(x2 + y2 + z2)5/2dV where Q is inside x2 + y2 + z2 = 2 and
outside x2 + y2 = 1
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Example 15.31. Find the volume of the solid below x2 + y2 + z2 = 4z and above z =√
x2 + y2.

Group Exercise 15.1. Find the volume of an icecream cone with a ball of icecream on top.

15.10 Change of Variables in Multiple Integrals

We have seen that it is often easier to integrate with a change of variables - similar to a
u-substitution in single variable. We can do more general transformations than just the
three we saw. We want to pick a convenient coordinate system - change what our x and y
axis are.

Definition. A transformation T from the uv-plane to the xy-plane is a function that maps
points in the uv-plane to points in the xy-plane, so that T (u, v) = (x, y) where x = g(u, v), y =
h(u, v) for some functions g, h.

Example 15.32. Find the transformation from the rectangular region S in the uv-plane to
the region R, where R is the region bounded by the y = 2x− 1, y = 2x + 5, y = 1− 3x, y =
−1− 3x.

Rewrite this region as being bounded by y−2x = −1, y−2x = 5, y+3x = 1, y+3x = −1.
So, let u = y − 2x, v = y + 3x. Then the transformation T is defined by x = −1/5(u − v)
and y = −1/5(3u− 2v).

Definition (Jacobian). The determinant
∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

is referred to as the Jacobian of the trans-

formation T and is written using the notation ∂(x,y)
∂(u,v)

.
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Theorem 15.8. Suppose that the region S in the uv-plane is mapped onto the region R in
the xy-plane by the one-to-one transformation T defined by x = g(u, v) and y = h(u, v),
where g, h have continuous first partial derivatives on S. If f is continuous on R and the
Jacobian is nonzero on S, then∫

R

∫
f(x, y)dA =

∫
S

∫
f(g(u, v), h(u, v))|∂(x, y)

∂(u, v)
|dudv.

Example 15.33. Polar coordinates.
x = r cos θ, y = r sin θ. The Jacobian is

∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

=
cos θ −r sin θ
sin θ r cos θ

= r cos2 θ + r sin2 θ = r.

Example 15.34. Jacobian from first example.
−1/5 1/5
−3/5 2/5

= 1/25. So, our integral would

be
∫
S

∫
f(u, v)1/25 ∗ dudv where S is defined by the rectangle −1 ≤ u ≤ 5,−1 ≤ v ≤ 1.

Example 15.35. Evaluate by making an appropriate change of coordinates:∫∫
x−2y
3x−y dA where R is enclosed by x− 2y = 0, x− 2y = 4, 3x− y = 1, 3x− y = 8

We want to change coordinates because we cannot evaluate this integral. Logical choice:
u = x− 2y and v = 3x− y. This means x = u−2v

−5
and y = v−3u

5
.

Jacobian is
−1/5 2/5
−3/5 1/5

= 1/5

Thus,
∫ 8

1

∫ 4

0
u
5v
du dv = 8/5 ln(8)

We can form the Jacobian of the transformation from a region S of uvw-space onto a
region R in xyz-space in a similar fashion: ∂(x,y,z)

∂(u,v,w)
. The theorem above can also be extended

in the natural way.

Group Exercise 15.2. Derive the evaluation formula for spherical coordinates; i.e. find
the Jacobian of the transformation.
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16 Vector Calculus

16.1 Vector Fields

Many applications need a function that assigns a vector to each point in space. For example,
air flow for aerodynamics; we need the velocity of air at various points. Other examples are
electric change, force, etc.

Chap 13 - multidimensional range (vector-valued functions)
Chap 14-15 - multidimensional domain (functions of several variables)
Chap 16 - put together - multidimensional domain and range - we will focus on 2 and 3

Definition. A vector field in the plane is a function F(x, y) mapping points in R2 into the
set of two-dimensional vectors V2. We write F(x, y) = 〈f1(x, y), f2(x, y)〉, for scalar functions
f1, f2. In space, a vector field is a function F(x, y, z) mapping points in R3 into the set of
two-dimensional vectors V3. We write F(x, y, z) = 〈f1(x, y, z), f2(x, y, z), f3(x, y, z)〉, for
scalar functions f1, f2, f3.

What dimension is the graph of a vector field? The graph of a two-dimensional vector
field would be 4-D; of a 3-D, it would be 6-D. So, we do not want to draw this. However,
we can get a lot of information by plotting a bunch of vectors. So, by graph of a vector
field, we will mean a two (three)-dimensional graph with vectors F(x, y) (F(x, y, z)) plotted
with their initial point located at (x, y) ((x, y, z)) for a variety of points. They are rather a
pain to do by hand, so usually we will have Maple draw them.

Example 16.1. Graph vector fields F(x, y) = 〈−y,x〉√
x2+y2

and G(x, y, z) = 〈2, 0, 0〉.

Hand and computer.

It is much more difficult to sketch vector fields in space; usually use a computer.

Example 16.2. Match the vector fields to their graphs.
F(x, y) = 〈y2, x− 1〉, G(x, y) = 〈y + 1, ex/6〉, and H(x, y) = 〈y3, x2 − 1〉
On computer.

Example 16.3. F(x, y, z) = 〈−x,−y,−z〉
(x2+y2+z2)3/2

.

Notice all vectors point to origin. Looks like a force field - maybe gravitational force.
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How do we know the path of an object in vector field? Follow arrows. It is not depending
explicitly on time, but rather on location.

Say that the velocity of any particle located at the point (x, y) in a stream can be
described by vector field F(x, y) = 〈f1(x, y), f2(x, y)〉, called velocity field. The path of any
particle in the flow starting at (x0, y0) is the curve traced out by 〈x(t), y(t)〉, where x(t), y(t)
are solutions of the differential equations x′(t) = f1(x(t), y(t)), y′(t) = f2(x(t), y(t)) with
initial conditions x(t0) = x0, y(t0) = y0. Use to construct flow lines - again follow the arrows
when drawing, use above to get equation for lines (if possible).

Example 16.4. Draw flow lines on previous examples.

Sketch helps, but better if we have exact equations. Note above that by using the chain
rule we get that dy

dx
= dy/dt

dx/dt
= y′(t)

x′(t)
= f2(x,y)

f1(x,y)
. If we can solve this differential equation, we

have our flow lines.

Example 16.5. Construct the flow lines for the vector field 〈−y, x〉.
The flow lines are solutions of dy

dx
= x
−y . This differential equation is separable.

∫
−ydy =∫

xdx⇒ −y2/2 = x2/2 + c⇒ x2 + y2 = k. So, the flow lines are circles.

Example 16.6. Construct the flow lines for the vector field 〈y2, x− 1〉.
We need to solve dy/dx = x−1

y2
⇒ 1/3y3 = 1/2x2 − x+ c.

If we cannot solve the differential equation, we can use Euler’s Method to get an approx-
imate solution.

Examples of vector fields: velocity field, gravitational field, force field, electric field,
magnetic field, and

gradient field: the vector field is the gradient of a scalar function.

Definition. For any scalar function f , the vector field F = ∇f is called the gradient field
for the function f . We call f a potential function for F. Whenever F = ∇f , for some
scalar function f , we refer to F as a conservative vector field.

Note: you hear about conservative vector fields and potential functions in physics and
engineering. Sometimes −f is called the potential function - look in the book you are using
to determine what they are referring to.

Example 16.7. Find the gradient field corresponding to f(x, y) = x2 − y2 and g(x, y, z) =
xyz.
∇f(x, y) = 〈2x,−2y〉. Plot on computer.
∇g(x, y, z) = 〈yz, xz, xy〉.

Many calculations are much easier if the vector field is a gradient field (i.e. conservative).
We will need to construct the potential function that generates the conservative field.

Example 16.8. Find the potential function if the vector field is conservative. 〈2, y〉 and
〈y, 1〉

df
dx

= 2, df
dy

= y

75



∫
2dx = 2x+ g(y)⇒ g′(y) = y ⇒ g′(y) = y ⇒ g(y) = y2/2 + c. Thus, f = 2x+ y2/2 + c.

Conservative.
df
dx

= y, df
dy

= 1∫
ydx = yx + g(y) ⇒ x + g′(y) = 1 ⇒ g′(y) = 1 − x. This is not possible, so not

conservative.

16.2 Line Integrals

Example - what if we want to find the mass of a spring? In Calc II, we found the mass of a
thin rod by

∫
ρ(x)dx. But, that was for a straight spring.

- Density function ρ(x, y, z), object in shape of curve C with endpoints (a, b, c) and
(d, e, f).

- The curve is oriented (has direction)
- Partition the curve into n pieces
- If the segment Ci is small enough, density is more or less constant on Ci. This means

mi = ρ(xi, yi, zi)∆si, where si is the arc length.
- Add them all up, take limit as max arc length goes to 0, and get mass.

Definition. The line integral of f(x, y, z) with respect to arc length along the oriented curve
C in three-dimensional space is defined by∫

C

f(x, y, z)ds = lim
n→∞

n∑
i=1

f(x∗i , y
∗
i , z
∗
i )∆si

provided the limit exists and is the same for all choices of evaluation points.

Theorem 16.1 (Evaluation Theorem). Suppose that f(x, y, z) is continuous in a region
D containing the curve C and that C is described parametrically by (x(t), y(t), z(t)) for
a ≤ t ≤ b, where x(t), y(t), z(t) have continuous first derivatives. Then,∫

C

f(x, y, z)ds =

∫ b

a

f(x(t), y(t), z(t))
√

[x′(t)]2 + [y′(t)]2 + [z′(t)]2 dt.

Similarly for a function f(x, y).

Proof. Look back at proof for arc length.

Note: Need to write the curve parametrically. Recognize the arc length component. Not
easy to integrate in general.

Definition (smooth). A curve is smooth if it can be described parmetrically by x = x(t),
y = y(t), z = z(t), a ≤ t ≤ b, x(t), y(t), z(t) have continuous 1st derivatives, and [x′(t)]2 +
[y′(t)]2 + [z′(t)]2 6= 0 on [a, b].

Theorem 16.2. For any piecewise-smooth C (in 2 or 3-D),

∫
C

1 ds is the arc length of the

curve C.
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Example 16.9. Find the arc length (circumference) of a circle.
x = r cos t, y = r sin t∫
C

1 ds =
∫ 2π

0

√
(−r sin t)2 + (r cos t)2 dt = r

∫ 2π

0
1 dt = 2πr

Example 16.10. Mass of helical spring. x = 2 cos t, y = t, and z = 2 sin t, 0 ≤ t ≤ 6π, and
ρ(x, y, z) = 2y.

Convert ρ to a function of t: ρ(t) = 2t.

m =

∫
C

2y ds =

∫ 6π

0

2t
√

4 sin2 t+ 1 + 4 cos2 t dt = 36
√

5π2

Example 16.11.

∫
C

2x ds. C is the segment from (1, 2) to (3, 5).

x− 1 = (3− 1)t, y − 2 = (5− 2)t. So, x = 1 + 2t and y = 2 + 3t, 0 ≤ t ≤ 1.∫
C

2x ds =

∫ 1

0

(2 + 4t)
√

22 + 32 dt = 4
√

13.

Example 16.12.

∫
C

2x ds. C is the segment from (3, 5) to (1, 2).

x− 3 = (1− 3)t, y − 5 = (2− 5)t. So, x = 3− 2t and y = 5− 3t, 0 ≤ t ≤ 1.∫
C

2x ds =

∫ 1

0

2(3− 2t)
√

22 + 32 dt = 4
√

13.

Note: orientation does not matter for line integrals with respect to arc length - will
matter for other line integrals!

Note: if C is not smooth, write C as a union of smooth pieces - called piecewise-smooth.

Theorem 16.3. Suppose f(x, y, z) is a continuous function in some region D containing an

oriented curve C. If C is piecewise smooth, C = C1 t · · · t Cn, then

∫
−C

f ds =

∫
C

f ds and∫
C

f ds =

∫
C1

f ds+ · · ·+
∫
Cn

f ds.

Example 16.13.

∫
C

3x ds. C is the line segment from (0, 0) to (1, 0) and then the quarter-

circle to (0, 1).
C1 : x = 0 + 1t, y = 0 + 0t, 0 ≤ t ≤ 1
C2 : x = r cos t = cos t, y = r sin t = sin t, 0 ≤ t ≤ π/2.∫
C

3x ds =

∫ 1

0

3t
√

1 + 0 dt+

∫ π/2

0

3 cos t
√
cos2t+ sin2t dt = 9/2.

Geometric interpretation - corresponds to limit of sums of heights of function f(x, y)
above (or below) xy-plane for curve lying in xy-plane. In other words, it measures the
signed surface area of the surface formed by vertical line segments from xy-plane to graph
of z = f(x, y).
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There are other types of line integrals:

Definition. The line integral of f(x, y, z) with respect to x along the oriented curve C in

3-D space is defined by

∫
C

f(x, y, z) dx = lim
n→∞

n∑
i=1

f(xi, yi, zi)∆x provided the limit exists and

is the same for all choices of evaluation points.
Likewise with replacing x with y or with z.

Theorem 16.4 (Evaluation Theorem). Suppose f(x, y, z) is continuous in a region D con-
taining the curve C and C is described perimetrically by x = x(t), y = y(t), z = z(t),
a ≤ t ≤ b, x, y, z have continuous first derivatives. Then∫

C

f(x, y, z) dx =

∫ b

a

f(x(t), y(t), z(t))x′(t) dt.

Likewise for dy and dz.

Example 16.14.

∫
C

xz dx C is segment from (2, 1, 0) to (2, 0, 2).

Parameterize: x = 2 + 0t, y = 1− t, z = 0 + 2t.∫ 1

0

2(2t) ∗ 0dt = 0.∫
C

xz dy =

∫ 1

0

2(2t)(−1)dt = −2∫
C

xz dz =

∫ 1

0

2(2t)(2)dt = 4

Traverse C in the opposite direction:∫
C

xz dy =

∫ 1

0

2(2− 2t)(1)dt = 2.

Note: direction matters with respect to x, y, z -changes by a negative sign. ds, dx, dy,
dz are different integrals and measure different things.

Theorem 16.5. Suppose f(x, y, z) is a continuous function in a region D containing an
oriented curve C.

i) If C is piecewise smooth, then

∫
−C

f(x, y, z)dx = −
∫
C

f(x, y, z)dx. Likewise for dy,

dz.
ii) If C = C1 t · · · t Cn, each Ci smooth, and terminal pt of Ci is same as the initial pt

of Ci+1, then
∫
C

=
∫
C1

+ · · ·+
∫
Cn

.

Example 16.15.

∫
C

4x dy+ 2y dz where C is the line segment from (0, 1, 0) to (0, 1, 1) then

to (2, 1, 1) then to (2, 4, 1).
C1 : x = 0 + 0t, y = 1 + 0t, z = 0 + 1t
C2 : x = 0 + 2t, y = 1 + 0t, z = 1 + 0t
C3 : x = 2 + 0t, y = 1 + 3t, z = 1 + 0t
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∫
C

4x dy+2y dz =

∫ 1

0

0+2(1)(1)dt+

∫ 1

0

0+0dt+

∫ 1

0

4(2)(3)+2(1+3t)(0)dt =

∫ 1

0

2dt+∫ 1

0

24dt = 26.

There is yet another version of a line integral. Eg. work
Recall W = F · d - want work done as object moves along curve C in 3-D.
- force vectors are given by values of vector fields (force fields)
- want work done by force field F(x, y, z) as object moves along C
- line integral wrt arc length does not help in this case
Again, partition C into segments. On each segment (if small enough and if F is cont.),

F is nearly constant. Work done is approximately product of component of force in direc-
tion of unit tangent vector and distance traveled (as in earlier chap). Wi ≈ F(xi, yi, zi) ·
T(xi, yi, zi)∆si. If C can be represented perimetrically and is smooth,

Wi ≈ F(xi, yi, zi) ·
〈x′(ti), y′(ti), z′(ti)〉√

[x′(t)]2 + [y′(t)]2 + [z′(t)]2

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2

= F(xi, yi, zi) · 〈x′(ti), y′(ti), z′(ti)〉∆t.

Sum and take limit.

Definition. Let F be a continuous vector field defined on a smooth curve C given by vector

function r(t). Then the line integral of F along C is

∫
C

F · dr =

∫ b

a

F(r(t)) · r′(t) dt

Note: When F is a force field, this gives work. Note that the x-component of the force

affects work done only when object moves in x-direction. W =

∫
C

F1dx+

∫
C

F2dy+

∫
C

F3dz.

Example 16.16. Force field F(x, y) = 〈2y,−2x〉. C is the upper half circle from (−3, 0) to
(3, 0).

Parameterize: x = −3 cos t, y = 3 sin t, 0 ≤ t ≤ π.∫
C

〈2y,−2x〉 dr =

∫
C

〈2y,−2x〉·〈dx, dy〉 =

∫ π

0

2(3 sin t)(3 sin t)dt+

∫ π

0

−2(−3 cos t)(3 cos t)dt =

18

∫ π

0

1dt = 18π.

To determine the sign of a line integral graphically:
Think of a force field: if object is moving in same direction as vectors (with arrows),

force pushes object moving along C adding energy - positive work. If object moves against
vectors, force opposes motion of object - negative work.
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16.3 The Fundamental Theorem for Line Integrals

To evaluate line integrals: 1. parameterize curve 2. rewrite line integral using evaluation
theorem 3. evaluate.

It would be nice to not have to do this - a shortcut. For a special group of line integrals,
only the start and end point will matter - it will not matter how we get from A to B.

Example 16.17.
∫
C1

F · dr, where F = 〈2x, 3y2〉 and C1 is the line from (0, 0) to (1, 2). We

have
∫ 1

0
〈2t, 3(2t)2〉 · 〈1, 2〉dt = ... = 9.

Now let C2 be the line segment from (0, 0) to (0, 2) followed by (0, 2) to (1, 2). We have∫ 1

0
〈0, 3(2t)2〉 · 〈0, 2〉dt+

∫ 1

0
〈2t, 0〉 · 〈1, 0〉dt = ... = 9.

Is this coincidence?

We have an analog to the FTC for special line integrals:

Theorem 16.6. Let C be a smooth curve given by r(t), a ≤ t ≤ b. Let f be a differentiable
function whose gradient vector is continuous on C. Then

∫
C
∇f · dr = f(r(b))− f(r(a)).

Let C be any piecewise-smooth curve, traced out by r(t).
Path - curve connecting 2 points.

Definition (Independent of path). if
∫
C

F · dr is the same for every path in region D that
has same start and end.

Definition (connected). A region D ⊂ Rn (n ≥ 2) is connected if every pair of points in D
can be connected by a piecewise-smooth curve lying in D.

Theorem 16.7. Suppose that the vector field F(x, y) = 〈M(x, y), N(x, y)〉 is continuous on

the open, connected region D ⊂ R2. Then

∫
C

F(x, y) · dr is independent of path in D if and

only if F is conservative on D.

Proof. (⇐) Assume F is conservative. F = 〈M,N〉 = ∇f ⇒ M = fx, N = fy. Let
A(x1, y1), B(x2, y2) be any two points in D and C any smooth path from A to B defined

parametrically by x = g(t), y = h(t), t1 ≤ t ≤ t2. Then

∫
C

F · dr =

∫
C

Mdx + Ndy =∫
C

fxdx + fydy =

∫ t2

t1

[fx(g(t), h(t))g′(t) + fy(g(t), h(t))h′(t)]dt =

∫ t2

t1

d

dt
[f(g(t), h(t))]dt by

Chain Rule = f(g(t2), h(t2)) − f(g(t1), h(t1)) by FTC = f(x2, y2) − f(x1, y1). This implies
independence of path.

(⇒) Assume independence of path. Define f(u, v) =

∫ (u,v)

(x0,y0)

F(x, y) · dr. Pick any point

(x, v) in disk with center (u, v) in D, x1 < u. f(u, v) =

∫ (x1,v)

(x0,y0)

F +

∫ (u,v)

(x1,v)

F · dr ⇒ fu =
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0+
∂

∂u

∫ (u,v)

(x1,v)

Mdx+Ndy =
∂

∂u

∫ (u,v)

(x1,v)

Mdx = M(u, v) by dy is constant on C2 and FTC. Like-

wise, f(u, v) =

∫ (u,y1)

(x0,y0)

F+

∫ (u,v)

(u,y1)

F ·dr⇒ fv = 0+
∂

∂v

∫ (u,v)

(u,y1)

Mdx+Ndy =
∂

∂v

∫ (u,v)

(u,y1)

Ndy =

N(u, v). Thus, F(x, y) = 〈M(x, y), N(x, y)〉 = 〈fx, fy〉 = ∇f , and so it is conservative.

Theorem 16.8 (Fundamental Theorem for Line Integrals). Suppose that
F(x, y) = 〈M(x, y), N(x, y)〉 is continuous in the open, connected region D ⊂ R2 and
C is any piecewise-smooth curve lying in D with initial point (x1, y1) and terminal point

(x2, y2). Then if F is conservative on D, with F(x, y) = ∇f(x, y), we have

∫
C

F(x, y) · dr =

f(x, y)|(x2,y2)
(x1,y1) = f(x2, y2)− f(x1, y1).

Proof. Proved within proof of previous theorem.

NB: Both of the previous theorems (esp. FTLI) are very important.
Now we do not have to parameterize curves in conservative vector fields - instead we can

find the potential function.

Example 16.18.

∫
C

yexy dx+ (xexy − 2y) dy where C is from (1, 0) to (0, 4).

Find the potential function:
∫
yexydx = exy + g(y) and

∫
xexy − 2ydy = exy − y2 + h(x).

Thus, f(x, y) = exy − y2 + c.∫
C

yexy dx+ (xexy − 2y) dy = exy − 2y + c|(0,4)
(1,0) = (1− 16 + c)− (1− 0 + c) = −16.

Notice that the +c will always cancel, so I am not going to write it from now on.

Definition. C is closed if its two endpoints are the same.

Theorem 16.9. Suppose F(x, y) is continuous in an open, connected region D ⊂ R2. Then

F is conservative on D if and only if

∫
C

F(x, y) · dr = 0 for every piecewise-smooth closed

curve C lying in D.

Proof. (⇒) consequence of FTLI.

(⇐) Assume

∫
C

F(x, y) · dr = 0 for all C. Let P, Q be points in D and let C1, C2 go from

P to Q. Then C is C1 followed by −C2.

0 =

∫
C

F(x, y) · dr =

∫
C1

+

∫
−C2

⇒
∫
C1

=

∫
C2

⇒ independent of path, which implies

conservative.

This is not the best way to test whether it is conservative. Is there an ”easy test”?
F(x, y) = 〈M(x, y), N(x, y)〉 conservative means that there exists f(x, y) such that F =

∇f ⇒ M(x, y) = fx(x, y) and N(x, y) = fy(x, y). Differentiate both and you get My = fxy
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and Nx = fyx. If they are continuous, then they must be equal: My = Nx. We would love
to have the converse be true. It is not always true, but true sometimes.

Definition. A region D is simply-connected if every closed curve in D encloses only points
in D.

Theorem 16.10. Suppose M(x, y) and N(x, y) have continuous first partial derivatives on

a simply-connected region D. Then

∫
C

M(x, y)dx + N(x, y)dy is independent of path in D

if and only if My(x, y) = Nx(x, y) for all (x, y) ∈ D.

Proof. (⇒) above. (⇐) will prove in next section.

Example 16.19. Is F(x, y) = 〈3x2y2, 2x3y − y〉 conservative?
My = 6x2y and Nx = 6x2y. So, yes.

So, we know whether it is worth trying to find a potential function or not. To evaluate
line integrals, we still want to find a potential function, but now we know whether one exists
or not with an easier test.

Summary of Conservative Vector Fields:
Suppose F(x, y) = 〈M(x, y), N(x, y)〉 and M,N have continuous first partial derivatives

on an open, simply-connected region D ⊂ R2. TFAE
1. F is conservative.
2. F is a gradient field.

3.

∫
C

F(x, y) · dr is independent of path in D.

4.

∫
C

F(x, y) · dr = 0 for every piecewise-smooth closed curve C in D.

5. My(x, y) = Nx(x, y) for all (x, y) ∈ D.

We can say similar things for vector fields over three variables.

Theorem 16.11. Suppose that the vector field F(x, y, z) is continuous on the open, connected

region D ⊂ R3. Then

∫
C

F(x, y, z) · dr is independent of path in D if and only if F is

conservative on D. Further, for any piecewise-smooth curve C lying in D with initial point

(x1, y1, z1) and terminal point (x2, y2, z2) we have

∫
C

F(x, y, z) · dr = f(x, y, z)|(x2,y2,z2)
(x1,y1,z1) =

f(x2, y2, z2)− f(x1, y1, z1) where f is the potential function of F.

The test for conservative is slightly more complicated. Can you figure it out?

Example 16.20. F(x, y, z) = 〈y2 − x, 2xy + sin z, y cos z〉.
Myz = 0, Nxz = 0, Pxy = 0 yes.
By integrating each term we get f(x, y, z) = xy2 + y sin z − 1/2x2 + c.

Group Exercise 16.1. 16.3.25-26
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16.4 Green’s Theorem

This section will connect line integrals around closed curves in the plane with double integrals
over the region enclosed by the curve.

It is important in the analysis of fluid flows and theories of electricity and magnetism.

Definition (simple curve). A curve C is simple if it does not intersect itself.

Definition (positive orientation). A simple, closed curve has positive orientation if the
region R enclosed by C stays the the left of C.

Notation:
∮
C

F(x, y) · dr - line integral along simple, closed curve C oriented in positive

direction.

Theorem 16.12 (Green). Let C be a piecewise-smooth, simple, closed curve in the plane
with positive orientation and let R be the region enclosed by C together with C. Suppose that
M(x, y), N(x, y) are continuous and have continuous first partial derivatives in some open
region D, R ⊂ D. Then

∮
C

M(x, y)dx+N(x, y)dy =
∫∫
R

(∂N
∂x
− ∂M

∂y
)dA.

Proof. Note that when F is conservative, we get 0 on both sides.
Special case: assume R = {(x, y) : a ≤ x ≤ b, g1(x) ≤ y ≤ g2(x)}. Can write C1 =

{(x, y) : a ≤ x ≤ b, g1(x) = y} and C2 = {(x, y) : a ≤ x ≤ b, y = g2(x)}.

From the evaluation theorem,
∮
M(x, y)dx =

∫
C1

+
∫
C2

=
b∫
a

M(x, g1(x))dx−
b∫
a

M(x, g2(x))dx.

On the other hand,
∫∫
R

∂M
∂y
dA =

∫ b
a

∫ g2(x)

g1(x)
∂M
∂y
dydx =

∫ b
a
M(x, g2(x))−M(x, g1(x))dx. Which

implies
∮
M(x, y)dx = −

∫∫
R

∂M
∂y
dA. Also, assume we can write R = {(x, y) : h1(y) ≤ x ≤

h2(y), c ≤ y ≤ d}. Then, as above, we have
∮
N(x, y)dy =

∫∫
R

∂N
∂x
dA.

Example 16.21.
∮
C

xe2xdx− 3x2ydy using path shown.

∂M
∂y

= 0 and ∂N
∂x

= −6xy.∫∫
R

−6xy dA =
3∫
0

2∫
0

−6xy dy dx = −54.

Try this without using Green’s.
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Example 16.22. Special case when M = 0 and N = x. Then
∮
xdy =

∫∫
R

1dA. Likewise,
if M = −y and N = 0,

∮
−ydx =

∫∫
R

1dA. Thus,
∫∫

R
1dA = 1

2

∮
xdy − ydx.

Example 16.23. Find the area of the ellipse 4x2 + y2 = 16.
C : x = 2 cos t, y = 4 sin t, 0 ≤ t ≤ 2π.

A = 1/2
∮
xdy − ydx = 1/2

2π∫
0

2 cos t ∗ 4 cos t+ 4 sin t ∗ 2 sin tdt = 1/2 ∗ 8 ∗ 2π = 8π.

Example 16.24.
∮
C

(ex + 6xy)dx+ (8x2 + sin y2)dy

=
∫∫

(16x− 6x)dA =
∫∫

10x dA. Use polar. =
π/2∫
0

∫ 3

1
10r cos θ ∗ rdrdθ = · · · 260/3.

What if the region is not simply-connected? We need to integrate over the entire bound-
ary. We need to fix it to use Green’s: make into 2 simply-connected regions.

∫∫
R

=
∫∫
R1

+
∫∫
R2

=
∮
∂R1

+
∮
∂R2

. The line integrals over the slits cancel out, leaving
∮
C1

+
∮
C2

=∮
C

M(x, y)dx+N(x, y)dy. So, Green’s Theorem does work with holes.

Example 16.25. F(x, y) = 1
x2+y2

〈−y, x〉. Show that
∮
C

F · dr = 2π for every simple closed

curve enclosing the origin.
Not continuous at origin, so we need to punch out a hole - make circular hole.

∮
C

F ·dr−
∮
C1

F ·dr =
∮
∂R

F ·dr =
∫∫
R

(Nx−My) dA =
∫∫
R

[1(x2+y2)−x(2x)
(x2+y2)2

− −1(x2+y2)+y(2y)
(x2+y2)2

] dA =∫∫
R

0 dA = 0 ⇒
∮
C

F · dr =
∮
C1

F · dr. Parameterize C1 as x = a cos t, y = a sin t. Then

∮
C1

F · dr =
∮
C1

1
a2
〈−y, x〉 · dr = 1

a2

2π∫
0

(−a sin t)(−a sin t) + (a cos t)(a cos t)dt =
2π∫
0

1dt = 2π.

Proof. Proof of My = Nx implies independence of path.
Let S be a piecewise-smooth closed curve lying in D. If S is simple and positively

oriented, then since D is simply-connected the region R enclosed by S is contained in D, so
that My = Nx for all (x, y) ∈ R. Green implies that

∮
S

M dx+N dy =
∫∫
R

(Nx−My) dA = 0.

If S is not simple, then we have several simple curves, add them together and still get 0.
Therefore, F is conservative and thus independent of path.

Note: sometimes useful to use Green’s in reverse direction - calculate double as line
integral.
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16.5 Curl and Divergence

Goal of remainder of chapter - extend Green’s Theorem to results that relate triple integrals,
double integrals, and line integrals.

- This section: curl and divergence - generalizations of notion of derivative that are
applied to vector fields.

Definition (curl). The curl of the vector field F(x, y, z) = 〈F1(x, y, z), F2(x, y, z), F3(x, y, z)〉
is the vector field

curlF = (
∂F3

∂y
− ∂F2

∂z
)i + (

∂F1

∂z
− ∂F3

∂x
)j + (

∂F2

∂x
− ∂F1

∂y
)k

defined at all points at which all indicated partial derivatives exist.

Remember by ∇×F =

i j k
∂
∂x

∂
∂y

∂
∂z

F1 F2 F3

. Cross product notation is easier to remember and

reminds us that curl is a vector.

Example 16.26. Find the curl of 〈x2,−3xy〉.
〈0− 0, 0− 0,−3y − 0〉 = 〈0, 0,−3y〉.
The curl of 〈x2, y − z, xey〉 = 〈xey + 1, 0− ey, 0− 0〉.

What does the curl tell us?

Example 16.27. F(x, y, z) = 〈x, y, 0〉. curl F = 〈0, 0, 0〉 - to be nonzero we need to ”mix
variables”. Maple

Compare to curl G(x, y, z) = curl 〈y,−x, 0〉 = 〈0, 0,−2〉 Maple
Notice the first one has no rotation - no curl. And the second has a clockwise rotation.

Use right-hand rule - curl fingers with arrows - thumb points in direction of curl. Think of
it as velocity field for fluid flow; arrows point in direction of fluid flow.

If ∇× F = 0, say the vector field is irrotational at that point - fluid does not tend to
rotate at that point (no whirlpool/eddy).

Theorem 16.13. Suppose that F(x, y, z) = 〈F1(x, y, z), F2(x, y, z), F3(x, y, z)〉 is a vector
field whose components F1, F2, F3 have continuous first-order partial derivatives throughout
an open region D ⊂ R3. If F is conservative, then ∇× F = 0.

NB: Notice that it does not tell us when a vector field is conservative, only when it is
not. If we do not get the zero vector, we know it is not conservative. But, if we do get the
zero vector, it may or may not be conservative - careful!

Example 16.28. Is the vector field conservative? 〈y2, x2ez, cos(xy)〉.
The curl is 〈−x sin(xy)− x2ez, 0 + y sin(xy), 2xez − 2y〉 6= 0. Thus, not conservative.

Example 16.29. For F(x, y, z) = 〈−y,x,0〉
x2+y2

. The curl is 〈0, 0, x2+y2−2x2

(x2+y2)2
+ x2+y2−2y2

(x2+y2)2
〉 = 0.

Thus, the vector field is irrotational and might or might not be conservative. However, the
line integral around a simple closed curve containing the origin is 2π (previous example).
Thus, it is not conservative.
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However, we can get the converse under some additional conditions.

Theorem 16.14. If F is a vector field defined on all of R3 whose component functions have
continuous partial derivatives and curl F=0, then F is a conservative vector field.

Proof. We will prove later.

Summary:

Theorem 16.15. Suppose that F(x, y, z) = 〈F1(x, y, z), F2(x, y, z), F3(x, y, z)〉 is a vector
field whose components F1, F2, F3 have continuous first-order partial derivatives throughout
all of R3. TFAE

1) F(x, y, z) is conservative.
2.
∫
C

F(x, y, z) · dr is independent of path.
3.
∫
C

F(x, y, z) · dr = 0 for every piecewise-smooth closed curve C.
4. ∇× F(x, y, z) = 0.
5. F(x, y, z) is a gradient field.

Definition (divergence). The divergence of the vector field F(x, y, z) = 〈F1(x, y, z), F2(x, y, z), F3(x, y, z)〉
is the scalar function

divF(x, y, z) =
∂F1

∂x
+
∂F2

∂y
+
∂F3

∂z

defined at all points for which the partial derivatives exist.

Notice that in some sense it is opposite to the definition of curl.
We write it using dot product notation (short-hand and reminds us it is a scalar). ∇·F =

〈 ∂
∂x
, ∂
∂y
, ∂
∂z
〉 · 〈F1, F2, F3〉.

Example 16.30. Find the divergence of 〈x2,−3xy〉.
2x+−3x+ 0 = −x.
Find the divergence of 〈x2, y − z, xey〉 = 2x+ 1.

What does the divergence tell us?

Example 16.31. F(x, y, z) = 〈x, y, 0〉. divF = 1 + 1 = 2. Maple
Compare to div G(x, y, z) = div 〈y,−x, 0〉 = 0 Maple
Shows the net fluid flow in or out of a small region around that point. For instance, in

the 2nd picture as much is flowing out and is flowing in - the velocity on any given circle
is constant. In the second, the arrows are longer going away than coming in. So, there is a
positive net flow out of the box.

We will see later that the divergence of a vector field at a point corresponds to the net
flow of fluid per unit volume out of a small box centered at the point. If div is positive, more
is flowing out than in and we call the point a source. If div is negative, more fluid is flowing
in and we call the point a sink. If ∇ · F = 0, throughout some region D, we say the vector
field is source-free or incompressible.

We now have three uses for del operator ∇: gradient of scalar function is vector field,
curl of vector field is vector field, divergence of vector field is scalar function. Remember
this to help keep them straight!
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Theorem 16.16. If F is a vector field on R3 and its components have continuous 2nd order
partial derivatives, then div curl F= ∇ · (∇× F) = 0.

Proof. Do the calculation - Clairaut’s Theorem means they cancel out.

Look at various other combinations:

Example 16.32. a) ∇× (∇f) b) ∇× (∇ · F c) ∇ · (∇f)
a)∇f is the gradient, so a conservative vector field. Thus, we have the curl - a vector

field. Namely, 0 if the partials are continuous.
b) ∇ · F is a scalar function, so it is undefined.
c) This is the divergence of the gradient, so it is a scalar function. Namely, fxx+fyy+fzz.

Call this the Laplacian. Also write by ∇2f or 4f .
Think of other combinations.

Notice that we can rewrite Green’s Theorem as
∮
C

F · dr =
∫∫

R
(∇× F) · kdA.

Also,
∮
C

F · n ds =
∫∫
D

divF(x, y) dA.

16.6 Parametric Surfaces and their Areas

Recall that a vector function in one parameter traces out a space curve. A vector function
in two parameters describes a surface.

Definition (parametric surface). The set of all points (x, y, z) such that x = x(u, v), y =
y(u, v), z = z(u, v) as u,v varies is a parametric surface. We can write it as the vector-valued
function r(u, v) = 〈x(u, v), y(u, v), z(u, v)〉.

Example 16.33. How would you describe a cylinder parametrically?
We did an example where a helix wrapped around a cylinder: x = cos t, y = sin t, z = t.

How do we get all points? We still need x = cos t, y = sin t to give us the circle aspect of it,
but for each t we need any z. So, set z = s.

Recall polar coordinates: x = r cos θ, y = r sin θ. These are just parametric equations for
circle-type graphs.

Example 16.34. Identify and sketch the surface. x = 3 cos t sin s, y = 3 sin t sin s, z =
3 cos s.

Eliminate the t parameter: x2 + y2 = 9 sin2 s(cos2 t + sin2 t) = 9 sin2 s. Thus, for each
fixed z, and so s, the cross sections of the surface parallel to the xy-plane are circular. Notice
that we also have circular cross sections parallel to the other two planes (fix u). Thus, we
expect a sphere.

Consider x2 + y2 + z2 = 9 cos2 t sin2 s+ 9 sin2 t sin2 s+ 9 cos2 s = 9(cos2 t+ sin2 t) sin2 s+
9 cos2 s = 9(sin2 s+ cos2 s) = 9. This is an equation of a sphere with radius 3.
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Thus the points lying on the parametric surface lie on the sphere. We have not shown it
is the entire sphere.

These are spherical coordinates with a fixed ρ.

NB: There are many parametric equations representing the same surface.
We can sometimes get better graphs by defining parametrically (try it).

Example 16.35. Find a parametric representation of z =
√
x2 + y2 inside x2 + y2 = 4.

We think to use polar coordinates because of the x2 + y2. Then the cone z =
√
x2 + y2

becomes z = r. And, the cylinder x2 + y2 = 4 becomes r = 2. So, our parametric equations
are x = r cos θ, y = r sin θ, z = r since we are concerned with the points on the cone. We
need to figure out the range of r, θ. The cylinder limits us to 0 ≤ r ≤ 2. θ can be anything
from 0 ≤ θ ≤ 2π.

Definition (grid curves). Grid curves are like traces. Holding u constant and varying v
will define a curve on the surface. Likewise we can vary u for a fixed v. (Like latitude and
longitude lines.)

See Maple.

Example 16.36. Plot r(u, v) = 〈(2 + sin v) cosu, (2 + sin v) sinu, u+ cos v〉. Use grid lines
to help.

v constant - helix
See Maple.

Example 16.37. You can represent surfaces of revolution parametrically: y = f(x) rotated
around the x-axis would be

x = x, y = f(x) cos θ, z = f(x) sin θ

Tangent Planes
What is the tangent plane to a surface defined parametrically? Recall that the tangent

plane to a surface z = f(x, y) is z − z0 = fx(x− x0) + fy(y − y0).
Let r(u, v) = 〈x(u, v), y(u, v), z(u, v)〉. By holding u constant, we get a grid curve. The

tangent line to this curve is rv at the point. Likewise if we hold v constant, the tangent line
to the curve is ru. Thus the normal vector for the tangent plane is ru × rv, as long as it is
not 0. We call the surface smooth if ru × rv 6= 0. So, it is the same construction as before.

Surface Area
We can use the tangent vectors to calculate surface area.
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Partition the parameter domain in the uv-plane into small rectangles Rij and let (ui, vj)
be the point in Rij closest to the origin. The part of the surface Sij that corresponds to Rij is
called a patch. The approximate area of Sij is the area of the parallelogram whose sides are
∆uiru, ∆vjrv (it lies in the tangent plane). The area is ||∆uiru×∆vjrv|| = ||ru×rv||∆ui∆vj.
Sum all these up to get the area.

We could use the same strategy if R is not a rectangle.

Definition (surface area). If a smooth parametric surface S is given by the equation r(u, v) =
〈x(u, v), y(u, v), z(u, v)〉 and S is covered just once as (u, v) ranges throughout the parameter
domain D, then the surface area of S is∫∫

D

||ru × rv|| dA =

∫∫
D

dS

Example 16.38. Find the surface area of a sphere of radius 2 centered at the origin.
r(φ, θ) = 〈2 sinφ cos θ, 2 sinφ sin θ, 2 cosφ〉. Then ||rθ × rφ|| = 4 sinφ for 0 ≤ φ ≤ π.

So,
∫∫
D

4 sinφ dA =

∫ 2π

0

∫ π

0

4 sinφ dφ dθ =

∫ 2π

0

8 dθ = 16π.

Group Exercise 16.2. Verify that you get the formula from Calc 2 (section 8.2) when
looking at a surface of revolution.

[Mention but do not go over:
We need hyperbolic functions for the parametric equations of hyperboloids and hyperbolic

paraboloids. Did you learn them?

coshx =
ex + e−x

2
and sinhx =

ex − e−x

2

You can get that cosh2 x− sinh2 x = 1.

Example 16.39. Sketch the surface defined by x = 2 cos θ coshφ, y = 2 sin θ coshφ and
z = 2 sinhφ. Plot on Maple.

Calculate x2 + y2 − z2 and using the identity above you get 4. So, this is an equation of
a hyperboloid of one sheet.

The shape will help us determine the type of coordinates/parametric equations used:
sphere - spherical, hyperbolic - sinh, cosh, circular - polar.]
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16.7 Surface Integrals

As we learned in the last section, we can write surface area as
∫∫
D

dS where dS = ||ru×rv|| dA.

As earlier when we took integrals with respect to area, volume, arc length, etc, we can take
the integral with respect to surface area.

Definition. The surface integral of a function f(x, y, z) over a surface S ⊂ R3 is given
by
∫∫
S

f(x, y, z) dS = limm,n→∞
∑n

i=1

∑m
j=1 f(Pij))∆Sij provided the limit exists and is the

same for all choices of evaluation points. (Pij is a point in the patch.)

We evaluate it as we said above:∫∫
S

f(x, y, z) dS =
∫∫
D

f(r(u, v)) ||ru × rv|| dA

as long as the components are continuous and the surface is smooth.

Example 16.40.
∫∫
S

(3x2 + 3y2 + 3z2) dS where S is the sphere x2 + y2 + z2 = 4.

We calculated in the last section: r(φ, θ) = 〈2 sinφ cos θ, 2 sinφ sin θ, 2 cosφ〉. Then ||rθ×
rφ|| = 4 sinφ for 0 ≤ φ ≤ π.

So,
∫∫
S

(3x2 + 3y2 + 3z2) dS =
∫∫

R
12 ∗ 4 sinφ dA =

∫ 2pi

0

∫ π

0

48 sinφ dφ dθ = 192π.

Example 16.41. If f(x, y, z) = ρ(x, y, z) is a density function, the the surface integral gives
the mass of a thin sheet.

In the special case where the surface is defined by z = g(x, y), then we can rewrite
||ru × rv||.

We can define the surface parametrically by: x = x, y = y, z = g(x, y). Then rx =
〈1, 0, gx〉 and ry = 〈0, 1, gy〉; and, rx × ry = 〈−gx,−gy, 1〉 This should look familiar from
tangent planes. Thus,

Theorem 16.17. If the surface S is given by z = g(x, y) for (x, y) in the region R ⊂ R2,
where g(x, y) has continuous first partial derivatives, then∫∫
S

f(x, y, z) dS =
∫∫
R

f(x, y, g(x, y))
√

[gx(x, y)]2 + [gy(x, y)]2 + 1 dA.

We can do the same thing if the function is written in terms of two other variables.

Example 16.42. Find the surface area of the portion of the plane x+ 2y + z = 4 above the
region bounded by y = x2, y = 1.

z = 4−x−2y, ru×rv = 〈1, 2, 1〉.
∫∫
S

1 dS =
∫∫
R

1
√

1 + 4 + 1 dA =
√

6
1∫
−1

∫ 1

x2
1 dydx = 4

√
6

3
.
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Example 16.43. Evaluate
∫∫
S

xz dS where S is the portion of the plane z = 2x + 3y above

the rectangle 1 ≤ x ≤ 2, 1 ≤ y ≤ 3.

ru×rv = 〈2, 3,−1〉.
∫∫
S

x(2x+3y) dS =
∫∫
R

x(2x+3y)
√

4 + 9 + 1 dA =

∫ 2

1

∫ 3

1

√
14(2x2 +

3yx) dydx =
82
√

14

3
.

Example 16.44. Evaluate
∫∫
S

(z− y2) dS where S is the paraboloid z = x2 + y2 below z = 4.

ru×rv = 〈2x, 2y,−1〉.
∫∫
R

(x2+y2−y2)
√

4x2 + 4y2 + 1 dA =

∫ 2

0

∫ 2π

0

r2 cos2 θ
√

4r2 + 1 rdθdr =

π

20
(1 + 391

√
17).

Definition (orientable). S is orientable if it is possible to define a unit normal vector n
at each point (x, y, z) not on the boundary and if n is a continuous function of (x, y, z). In
this case, S has two sides. Once we choose a consistent direction for all normal vectors to
point, we call the surface oriented. Choose pointing out to be the positive orientation.

The normal vector is n = ru×rv
||ru×rv || .

Example 16.45. Piece of paper versus Möbius strip. Have them make a Möbius strip. Also,
Klein bottle.

Surface Integral of Vector Field

Definition (flux). measures net flow rate of fluid across a surface in the direction of the
normal vectors.

Definition. Let F(x, y, z) be a continuous vector field defined on an oriented surface S with
unit normal vector n. The surface integral of F over S (or flux of F over S) is given by∫∫
S

F ·dS =
∫∫
S

F ·n dS. Note that the integrand gives the component of F in the n direction

(the component of velocity that moves fluid across surface).

We can rewrite this as:∫∫
S

F · n dS =

∫∫
D

F · ru × rv
||ru × rv||

||ru × rv|| dA =

∫∫
D

F · (ru × rv) dA.

Example 16.46. Find the flux. F = 〈x, y, z〉, S is the portion of z = 4− x2 − y2 above the
xy-plane, normal vector up.
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m = 〈−2x,−2y,−1〉 ⇒ n = 〈2x,2y,1〉√
4x2+4y2+1

so that it is a unit vector going up.

dS = ||m||dA =
√

4x2 + 4y2 + 1 dA.∫∫
S

F · n dS =
∫∫
R

〈x, y, z〉 · 〈2x,2y,1〉√
4x2+4y2+1

∗
√

4x2 + 4y2 + 1 dA =
∫∫
R

(2x2 + 2y2 + z) dA use

cylindrical

∫ 2π

0

∫ 2

0

(2r2 + 4− r2)r drdθ = 24π.

In the special case where z = g(x, y), then∫∫
S

F · dS =
∫∫
D

(−Pgx −Qgy +R) dA where F = 〈P,Q,R〉.

Flux integrals enable physicists and engineers to compute flow of variety of quantities
such as velocity field of fluid - net amount of fluid crossing surface, heat flow - F = −k∇T .
Also, if we have an electric field, then we have electric flux.

16.8 Stokes’ Theorem

3 different forms of Green’s Theorem: 1) relates line integral around closed curve to double
integral - Green 2) relates line integral around closed curve wrt arc length to divergence -
generalize to Divergence (next section) 3) relates line integral around closed curve to curl -
generalize to Stokes

Recall we can rewrite Green’s Theorem as
∮
C

F · dr =
∫∫
R

(∇× F) · k dA, F = 〈M,N, 0〉.

We will now generalize it to a vector field defined on a 3-D surface.

Theorem 16.18 (Stokes’ Theorem). Suppose that S is an oriented, piecewise-smooth sur-
face with unit normal vector n, bounded by the simple, closed, piecewise-smooth boundary
curve ∂S having positive orientation. Let F(x, y, z) be a vector field whose components have
continuous first partial derivatives in some open region containing S. Then,∫

∂S

F(x, y, z) · dr =

∫∫
S

(∇× F) · n dS.

One interpretation - when F represents a force field. The LHS corresponds to the work
done by the field as the point of application moves along the boundary of S. The RHS
represents the net flux of the curl over S.

Proof. (sketch for special case)S = {(x, y, z) : z = f(x, y)}. R is region in xy-plane, the
boundary of R is the projection of the boundary of the surface onto the xy-plane.
∇×F = 〈Py −Nz,Mz −Px, Nx−My〉, n = 〈−fx,−fy ,1〉√

f2x+f2y+1
and dS =

√
f 2
x + f 2

y + 1dA. Thus,

the theorem claims
∫
Mdx+Ndy+Pdz =

∫∫
[−(Py−Nz)fx− (Mz−Px)fy + (Nx−My)]dA.

We want to show that
∫
Mdx = −

∫∫
(My + Mzfy)dA. Write the boundary para-

metrically and we obtain
∫
M dx =

∫ b
a
M(x(t), y(t), f(x(t), y(t))x′(t)dt =

∫
∂R

m(x, y)dx for

m = M(x, y, f(x, y)). From Green’s we have
∫
∂R

m(x, y)dx = −
∫∫

∂m
∂y
dA. Using the chain

rule we get that the integrand from the RHS is My +Mzfy (z = f(x, y)). This gives us what
we want. Similarly we can show it for the other terms.
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Example 16.47. Use Stokes’ Theorem to evaluate the line integral.
C is the intersection of x2 + y2 = 1 and z = x − y, oriented clockwise from above,

F = 〈2x2, 4y2, e8z2〉.

Looks like ellipse - hard to parameterize.
The curl is 0, so Stokes’ gives us that the line integral is 0.

Example 16.48. Evaluate
∫
C

F · dr where F = 〈−y, x2, z3〉 and C is the intersection of
x2 + y2 = 4 and x+ z = 3.

curlF = 〈0, 0, 2x+ 1〉. m = 〈1, 0, 1〉 ⇒ n = 1√
2
〈1, 0, 1〉.∫

C
F·dr =

∫∫
S

(∇×F)·n dS =
∫∫
R

1√
2
(2x+1)

√
1 + 0 + 1 dA =

2π∫
0

2∫
0

(2r cos θ+1)r dr dθ = 4π.

Example 16.49. Use Stokes’ to find the surface integral where S is the portion of z =√
4− x2 − y2 above the xy-plane with n up and F = 〈zx2, zexy

2 − x, x ln y2〉.
The boundary curve is the circle x2 +y2 = 4. Parameterize it: x = 2 cos t, y = 2 sin t, z =

0. ∫∫
S

(∇ × F) · n dS =
∫
C

F · dr =
2π∫
0

zx2dx + (zexy
2 − x)dy + x ln y2dz =

∫
0dx − 2 cos t ∗

2 cos tdt+ 0 =
2π∫
0

−4 cos2 tdt = −4π.

Example 16.50. The same as above except with S the paraboloid z = 4− x2 − y2.
Because the two surfaces have the same boundary curve, the value is the same.

We can use Stokes’ Theorem to give some meaning to the curl. Suppose F represents the
velocity field for a fluid in motion, C is an oriented closed curve traced out by r(t).

The closer the direction of F is to the direction of dr
dt

, the larger its component in the

direction of dr
dt

= direction of unit normal tangent vector. So,
∫
C

F · dr =
b∫
a

F · dr
dt
dt is larger

the closer their directions. This implies that
∫
C

F · dr measures the tendency of fluid to flow
around or circulate around C. We refer to this integral as the circulation of F around C.

For any (x0, y0, z0) in the fluid flow, let Sa be a disk of radius a centered at the point
with unit normal vector n. Stokes’ says that

∫
Ca

F · dr =
∫∫
Sa

(∇× F) · n dS.
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The average value on the surface is favg = 1
πa2

∫∫
S

(∇×F) ·n dS. If F has continuous first

partials, then for some point Pa ∈ Sa, ∇× F(Pa) · n = favg = 1
πa2

∫
Ca

F · dr. Take the limit

as a→ 0 and we get ∇× F((x0, y0, z0)) · n = lim
a→0

1

πa2

∫
Ca

F · dr.

What all of this says is that at any given point, the component of curlF in the direction
of n is the limiting value of the circulation per unit area around a circle of radius a centered
at the point. I.e. (∇×F) · n measures the tendency of fluid to rotate about an axis aligned
with n.

Theorem 16.19. Suppose that F(x, y, z) is a vector field whose components have continuous
first partials throughout the simply-connected region open region D ⊂ R3. Then curlF = 0
in D if and only if

∮
C

F · dr = 0 for every simple closed curve C contained in D.

Proof. (⇒) Idea: Stokes’ gives us the result for every simple closed curve that is the boundary
of an oriented surface.

(⇐) Assume
∮
C

F · dr = 0 for every simple closed curve C contained in D. Assume

the curl is nonzero at some point (x0, y0, z0). Curl is continuous, so there exists a sphere
of radius a0 in D with center (x0, y0, z0) throughout which the curl is nonzero and so
curlF(x, y, z)*curlF(x0, y0, z0) > 0. Let Sa be a disk of radius a < a0 with center (x0, y0, z0)
and oriented by n having the same direction as curlF. Stokes’ implies

∫
Ca

F · dr =
∫∫
Sa

(∇ ×

F) · n dS > 0 RAA. Thus, curlF = 0.

Theorem 16.20. Suppose that F(x, y, z) is a vector field whose components have continuous
first partials throughout the simply-connected region open region D ⊂ R3. Then TFAE

i) F is conservative in D.
ii)
∫
C

F · dr is independent of path in D.

iii) F is irrotational.
iv)
∮
C

F · dr = 0 for every simple closed curve C contained in D.

Example 16.51. Maxwell’s Equation: ∇ ·B = 0. Show that the flux of B across a surface
satisfying Stokes’ hypotheses equals the circulation of A around ∂S where B = ∇×A.

flux=
∫∫

B · n dS. ∇ · B = 0 ⇒ ∃A such that B = ∇ × A. Thus,
∫∫

S
B · n dS =∫∫

S
(∇×A) · n dS =

∫
∂S

A · dr=circulation.

16.9 Divergence Theorem

Recall that we rewrote Green’s Theorem in section 16.5:∮
C

F · nds =
∫∫

R
∇ · FdA.

Extend to 3-dimensions:
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Theorem 16.21 (Divergence Theorem). Suppose Q ⊂ R3 is bounded by the closed surface
∂Q and n(x, y, z) denotes the exterior unit normal vector to ∂Q (positive orientation). Then,
if the components of F(x, y, z) have continuous 1st partials in Q,∫∫

∂Q

F · n dS =

∫∫∫
Q

∇ · F(x, y, z)dV.

What it means - If F represents a velocity field of a fluid in motion, the theorem says that
the total flux of a fluid across the boundary is equal to the triple integral of the divergence
of the velocity field over the solid. So, on one hand, calculate the fluid flow into or out of Q
across the boundary = flux. On the other hand, consider the accumulation or dispersal of
the fluid at each point in Q (∇ · F) - add them all up - triple integral.

Proof. (sketch of beginning) -∫∫∫
Q

∇ · FdV =

∫∫∫
Q

∂M

∂x
dV +

∫∫∫
Q

∂N

∂y
dV +

∫∫∫
Q

∂P

∂z
dV

and ∫∫
∂Q

F · ndS =

∫∫
∂Q

M i · ndS +

∫∫
∂Q

N j · ndS +

∫∫
∂Q

Pk · ndS.

Show the first term of each sum are equal, the second, and the third. Look at normal vectors
at different parts of the surface. Look at page 1130 in book.

NB: if asked to find flux, ask yourself whether you should use Divergence Thm.

Example 16.52. Use the Divergence Theorem to compute
∫∫
∂Q

F · ndS where Q is the cube

−1 ≤ x ≤ 1,−1 ≤ y ≤ 1,−1 ≤ z ≤ 1 and F = 〈4y2, 3z − cosx, z3 − x〉.∫∫
∂Q

F · ndS =
∫∫∫
Q

∇ · FdV =
∫∫∫
Q

(0 + 0 + 3z2)dV =
∫ 1

−1

∫ 1

−1

∫ 1

−1
3z2dzdydx = 8.

Example 16.53. Prove that the flux of the vector field F = 〈3y cos z, x2ez, x sin y〉 is 0 over
any closed surface ∂Q.
∇ · F = 0 + 0 + 0 = 0. Thus,

∫∫
∂Q

F · ndS =
∫∫∫
Q

∇ · FdV =
∫∫∫
Q

0dV = 0.

When f(x, y, z) is continuous on Q ⊂ R3, the average value of f on Q is given by

favg =
1

V

∫∫∫
Q

f(x, y, z)dV,

where V is the volume of Q.
By continuity, there is a point in Q such that f(P ) = favg. Thus, if F has continuous 1st

partials on Q, divF is continuous on Q and so there is a point such that

(∇ · F)|P =
1

V

∫∫∫
Q

∇ · F(x, y, z)dV =
1

V

∫∫
∂Q

F(x, y, z) · ndS.
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Notice that the RHS represents the flux per unit volume over the surface of the solid.
Let P0 be any point in the interior of Q, let Sa be the sphere of radius a centered at P0

where a is sufficiently small (sphere is completely in Q). From above, there is some point Pa
in the sphere for which

(∇ · F)|Pa =
1

Va

∫∫
Sa

F(x, y, z) · ndS,

where Va is the volume of the sphere. Take the limit at a→ 0 and we get

(∇ · F)|P0 = div F(P0) = lim
a→0

1

Va

∫∫
Sa

F(x, y, z) · ndS.

This means that the divergence of a vector field at a point is the limiting value of the flux
per unit volume over a sphere centered at that point.

This gives us an interpretation of divergence: if div F(P0) > 0, then the flux is positive
and for an incompressible fluid, there is a source in the sphere; and if div F(P0) < 0, for an
incompressible fluid, there is a sink in the sphere.

Example 16.54. How to deal with a situation when we do not have continuity everywhere.
Similar to our other example when we cut a circle out, we will cut a sphere out.

Show that the flux of an inverse square field over every closed surface enclosing the origin
is constant.

Inverse square field means F(x, y, z) = c
||r||3 r, where r = 〈x, y, z〉. We cannot just compute

flux because we cannot describe the surface parametrically and we cannot use the Divergence
Theorem because F is not continuous in Q (region enclosed by our closed surface). So, we
“punch out” a sphere of very small radius centered at the origin. Define Qa to be the set of
all points in Q and outside of Sa; we can apply the Divergence Theorem to Qa.

Thus,
∫∫∫
Qa

∇·F dV =
∫∫
S

F ·n dS+
∫∫
Sa

F ·n dS. Now ∇·F = 0, so we have
∫∫
S

F ·n dS =

−
∫∫
Sa

F · n dS.

Calculate the right-hand side since it is an easy surface. n = − r
||r|| = − 1

a
r (radius is a).

Thus,
∫∫
S

F·n dS = −
∫∫
Sa

c
a3

r·− 1
a
r dS = c

a4

∫∫
Sa

r·r dS = c
a4

∫∫
Sa

||r||2 dS = c
a2

∫∫
Sa

dS = c
a2

(4πa2)

(the surface integral gives the surface area) = 4πc.
This is called Gauss’ Law for inverse square fields (used in E&M).

Punching out a sphere so that we can use the Divergence Theorem even when we have
discontinuities is a common technique.

Example 16.55. Use the Divergence Theorem and Maxwell’s Equation ∇ ·B = 0 to show
that

∫∫
S

B · n dS = 0 for any closed surface S.
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Apply the Divergence Thm directly; the divergence being 0 means the integrand is 0, so
the triple integral is 0, and finally the flux is 0.

16.10 Summary

Look over the summary of theorems.
Also, know all the equivalences of conservative vector fields.
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